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ABSTRACT
With the increasing use of low-conductivity structural and functional materials, there has
been a greater need for the efficient and reliable nondestructive evaluation (NDE) of these
materials. One approach to evaluate low-conductivity structural and functional materials is to
characterize the material dielectric property. In this thesis, capacitive sensors are developed
for measuring complex permittivity of planar and cylindrical materials. For each sensor config-
uration, models are developed to allow for inverse determination of material permittivity from
measured capacitance, therefore realizing quantitative characterization of material dielectric
properties.
In the first half of the thesis, coplanar concentric capacitive sensors are developed to meet
the need of detecting water or excessive inhomogeneities caused by repairs in aircraft radome
structures. Another important motivation is the absolute dielectric property characterization of
laminar structures. Three coplanar sensor configurations are designed: the simple two-electrode
concentric configuration, the interdigital spiral and the interdigital concentric configurations.
Corresponding numerical models are developed to predict the sensor capacitance for given test-
piece structures. The validity of the models is verified by comparing numerical predictions and
measurement results. The advantage and disadvantage of each sensor configuration is discussed.
For the two-electrode concentric configuration, a prototype handheld probe is also fabricated,
and has detected successfully 1 cc of low contrast liquid in a simulated radome structure.
Curved patch capacitive sensors, presented in the second half of the thesis, are developed
with the motivation of accurate and convenient permittivity measurement of cylindrical struc-
tures. It is demonstrated that the permittivity of homogeneous dielectric rods is inferred easily
from measured sensor capacitance, based on analytical and numerical models developed here.
Another practical application of the curved patch capacitive sensors is the quantitative eval-
uation of aircraft wiring insulation condition. In this work, wires are modeled as cylindrical
xxi
dielectrics with a conductive core. A numerical relationship between the complex permittivity
of the insulation and the sensor capacitance and dissipation factor is established. A prototype
probe, developed based on this model, has distinguished successfully degraded wires from the
control ones. The feasibility of utilizing the presented capacitive approach for quantitative
evaluation of aircraft wiring insulation condition is demonstrated.
Although the development of the capacitive sensors in this thesis is motivated by aerospace
engineering related applications, results presented in this work have the potential to be applied
to other engineering fields. Potential sensor applications and recommended future research are
suggested at the end of the thesis.
1CHAPTER 1. GENERAL INTRODUCTION
1.1 Introduction
The work presented in this thesis falls under the research area of nondestructive evaluation
(NDE). More specifically, the capacitive sensors developed in this thesis are suitable for the
NDE of dielectric structures.
1.1.1 Background
The term NDE may sound unfamiliar but the use of NDE can be easily found in our
everyday lives. Before getting into the technical definition of NDE, let us look at an example
that is familiar to all of us: we can tell if a wall is thin or thick simply by knocking on it and
listening to the hollow response. This simple example illustrates perfectly how NDE works. In
this case, we send out a certain form of energy (by knocking), the energy interacts with the
material under test and something happens (the wall vibrates), and we interpret the energy
that comes back to us (the sound we hear) to obtain the desired information (whether the wall
is thin or thick).
An accurate definition of NDE is given in (1): NDE has been defined as comprising those test
methods used to examine an object, material or system without impairing its future usefulness.
Modern NDE emerged in the early 20th century to meet people’s needs of producing “flaw-
less” components and preventing failures. Up until this day, NDE has evolved into an inter-
disciplinary area that encompasses aerospace engineering, electrical engineering, mechanical
engineering, materials science and many other scientific areas. Some of its popular applications
include quality control during manufacturing and diagnosis during maintenance and service.
Details on different types of NDE methods and their applications can be found in the texts (2).
21.1.2 NDE of Metallic Materials
The use of metallic materials can be traced back to several hundred years ago. Not sur-
prisingly, NDE methods for metallic materials are well developed compared. For example, to
detect surface or near surface defects in metallic materials, electromagnetic methods, such as
eddy current testing and magnetic testing, can be applied. On the other hand, ultrasonics and
radiography have been developed and utilized to detect volumetric flaws in metallic materials.
Introductions to these methods are presented in (3).
1.1.3 NDE of Low-conductivity Materials
NDE of low-conductivity structural and functional materials is the focus of this thesis.
Recent years have witnessed an increasing use of low-conductivity structural and functional
materials. The extensive use of polymer-matrix composite materials is one of the many exam-
ples. As pointed out in (4), “The word composite in the term composite material signifies that
two or more materials are combined on a macroscopic scale to form a useful third material.
The advantage of composite materials is that, if well designed, they usually exhibit the best
qualities of their components or constituents and often some qualities that neither constituent
possesses”. Major engineered advantages of composite materials include being resistant to fa-
tigue damage and harsh environments, repairable, low weight while sometimes being more stiff
than metallic materials. Due to these promising properties, composite materials have been
used increasingly in the aviation industries (e.g., the Boeing 787 Dreamliner) and the renew-
able energy industries (e.g., the manufacturing of wind turbine blades). In addition, Kevlar
body-armor and ceramic-matrix-composites for thermal stability in hot engine environments
are examples of some of the recently developed applications of low-conductivity structural and
functional materials.
Also increased is the need for accurate NDE of these low-conductivity structural and func-
tional materials. However, NDE methods for low-conductivity structural and functional mate-
rials are not as well developed as those for metallic materials. New approaches are yet to be
developed to assess the quality of these materials during both manufacturing and maintenance.
3One approach to evaluate low-conductivity structural and functional materials is to char-
acterize their dielectric properties. This is analogous to using conductivity as a parametric
indicator when it comes to the NDE of metallic materials. The dielectric properties of materi-
als include the dielectric strength and the dielectric constant. Dielectric strength is the voltage
a material can withstand before electrical breakdown happens. Dielectric constant is a mea-
sure of the material’s capability of storing electric energy. Most of the time, materials dielectric
constant is a complex number, and a function of frequency and temperature. It is therefore
not hard to understand why dielectric constant is also referred to as complex permittivity. The
work presented in this thesis focuses on the characterization of complex permittivity of planar
and cylindrical structures using capacitive sensors. Other approaches that can be used for the
characterization of materials complex permittivity include microwave techniques and resonant
testing. One advantage of utilizing capacitive methods lies in the fact that it does not require
the use of expensive equipment or complicated operation procedures to achieve good inspection
results.
1.2 Thesis Organization
This thesis can be divided into two parts based on the configurations of the developed
capacitive sensors: the coplanar capacitive sensors are discussed in Chapters 2 through 5 and
the curved patch capacitive sensors in Chapters 6 through 9.
The coplanar capacitive sensors described in Chapters 2 to 5 are developed to meet the
need of measuring the permittivity of laminar structures through one-sided access. Chapter
2 describes the development and modeling of a concentric coplanar capacitive sensor, and
the experimental verification of the numerical model. Chapter 3 presents another approach to
model the concentric capacitive sensors: the spectral domain approach as opposed to the spatial
domain approach used in Chapter 2. Comparisons between these two methods are presented.
In Chapter 4, a handheld capacitive probe has been developed based on the physical model
described in Chapters 2 and 3. This prototype probe can be applied for practical inspection
of laminar structures. For example, the probe has successfully detected 1 cc of low contrast
liquid injected into a sandwich structure such as used in an aircraft radome structure. The
4sensors developed in Chapters 2 through 4 are relatively simple in configuration, and have the
advantage of being straightforward to model. However, the output capacitance is relatively
low - typically a few pF. In order to enhance the signal strength and the signal-to-noise ratio,
capacitive sensors having the spiral and the concentric interdigital electrode configurations are
developed in Chapter 5, and compared with the simple two-electrode concentric configurations.
One common feature of the capacitive sensors in Chapters 2 to 5 is the rotational symmetry of
the sensor structure. As a result, the sensor capacitance is immune to the relative orientation
of the sensor and the test-piece. This feature makes these coplanar capacitive sensors very
suitable for many practical inspections.
Chapters 6 to 9 present curved patch capacitive sensors that measure the permittivity
of cylindrical structures. The materials under test in Chapters 6 and 7 are homogeneous
cylindrical dielectric rods. In Chapter 6, a numerical model that relates the permittivity of
the dielectric rod under test to the measurable sensor capacitance has been developed and
verified experimentally. As a step further, a 2D analytical solution, calculating the capacitance
of a curved patched capacitor that conforms to the curvature of the same test-piece structure,
has been derived in Chapter 7. A practical measurement setup based on this 2D solution has
also been developed and tested. The significance of the work in Chapters 6 and 7 is that it
greatly facilitates the process of permittivity measurement of dielectric rods. Currently, the
most common approach is to cut a slice from the end of the rod, and measure the permittivity
of the slice using a parallel plate capacitor. This process is destructive, not to mention the
permittivity of the slice might be changed due to strain induced during cutting. In contrast,
the measurement approaches developed in Chapters 6 and 7 are nondestructive. The test-piece
permittivity can be inferred easily, based on the models, from the measured capacitance.
Research work presented in Chapters 8 and 9 is motivated by the need for quantitative
evaluation of insulation condition of electrical wires. The insulation complex permittivity
changes as a result of degradation. The curved patch capacitors, therefore, are employed to
characterize the complex permittivity of the wiring insulation. In Chapter 8, wires are modeled
as circular dielectric cylinders with a conductive core. A numerical model has been developed to
relate the test-piece complex permittivity to the measurable sensor capacitance and dissipation
5factor. The validity of this model is verified through benchmark experiments on large-scale
test-pieces. Based on this model, a prototype capacitive probe has been developed in Chapter
9 to evaluate the insulation condition of aircraft wires. It is demonstrated that it is feasible
to use the proposed capacitive approach in the evaluation of wiring insulation condition. The
capacitance technique developed in Chapters 8 and 9 is a localized measurement method. It
is complementary to large-scale inspection techniques and has the potential to be built into
smart embedded wiring test systems of the future.
1.3 Literature Review
Considering that in-depth literature reviews have been included in Chapters 2 through 9, a
detailed survey of the literature will not be repeated here. I refer the reader to each chapter for
reviews on different topics. In Chapter 2, major methods for dielectric property measurements
are listed. These methods range from low frequency capacitive methods to high frequency
microwave techniques. Since capacitive sensing is the focus of this work, a thorough literature
review on capacitive methods is performed. In the area of materials characterization, capacitive
methods based on numerical models are detailed in Chapters 2, 5, 6 and 8, whereas those based
on analytical models are presented in Chapter 6. Apart from materials characterization, other
applications of capacitive methods, such as pressure sensing and displacement sensing, are listed
in Chapter 7. The latter part of the thesis covers the inspection of electrical wires. Different
wiring inspection methods are presented in Chapter 9. Some of those methods are designed to
inspect the condition of the wiring conductor while others are developed for the inspection of
insulation condition.
1.4 Generic Research Approach
The development of capacitive sensors in this work follows the same generic research ap-
proach. First, the problems to solve are analyzed to determine the appropriate NDE technique
and sensor configuration to use. For the problems studied in this thesis, capacitive methods
are selected as the appropriate techniques. Second, numerical or analytical models are devel-
6oped for the inverse determination of test-piece permittivity from measured sensor capacitance.
Benchmark experiments are then performed to verify the validity of the models. For both the
coplanar and the curved patch capacitive sensors developed here, prototype probes are devel-
oped for practical inspections. Uncertainty studies are also performed throughout the whole
process to help better understand the measurement system.
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8CHAPTER 2. ANALYSIS OF A CONCENTRIC COPLANAR
CAPACITIVE SENSOR FOR NONDESTRUCTIVE EVALUATION OF
MULTI-LAYERED DIELECTRIC STRUCTURES
A paper published in the IEEE Transactions on Dielectrics and Electrical Insulation
Tianming Chen and Nicola Bowler
2.1 Abstract
A concentric coplanar capacitive sensor is analyzed for the quantitative characterization of
material properties for multi-layered dielectrics. The sensor output signal, transcapacitance
CT , is related to the thickness and dielectric constant of each layer of the material under test.
Electrostatic Green’s functions due to point charges over different dielectric structures are
derived utilizing the Hankel transform given the cylindrical symmetry of the proposed sensor.
Numerical implementations based on the Green’s functions are presented. The sensor electrodes
are divided into a number of circular filaments, and the sensor surface charge distribution is
then calculated using the method of moments (MoM). From the sensor surface charge, CT
is calculated. Numerical calculations on sensor optimization are conducted and show that
normalized CT as a function of sensor configuration is determined solely by its own relative
dimensions, regardless of the overall dimensions of the sensor. In addition, calculations indicate
how the sensor can be optimized for sensitivity to changes in core permittivity of a three-layer
test-piece such as an aircraft radome. Benchmark experiment results are provided for one,
two-, and three-layer test-pieces and very good agreement with calculated CT is observed. The
sensor is also applied to water ingression measurements in a sandwich structure resembling the
aircraft radome, in which the water-injected area can be successfully detected from the sensor
9output signal.
2.2 Introduction
Dielectric materials play an extensive role in both industrial applications and scientific
research areas. In the modern integrated circuit industry, as electrical components are minia-
turized, there are palpable needs for dielectric measurements of low-loss thin materials. The
use of fine-line signal conductors requires thinner, possibly laminated, low-dielectric constant
printed-wiring board materials. On the other hand, compact antenna arrays require high-
dielectric constant substrates to obtain phase shifts. Moreover, lightweight structural com-
posites in air- and space-craft, Kevlar body-armor and ceramic-matrix-composites for thermal
stability in hot engine environments are examples of some of the recently developed applica-
tions of low-conductivity materials. As a result of these increased applications of dielectrics, the
quantitative dielectric property characterization of these dielectric materials becomes markedly
important for the process control in manufacturing, optimization of electrical apparatus design
and performance, and system monitoring and diagnostics.
A number of high frequency nondestructive evaluation (NDE) techniques have been devel-
oped for dielectric measurements with their own specific applications (1). Transmission-line
techniques are capable of measuring material permittivity by an open-circuit termination. The
material properties of the test-piece can be interpreted from the reflection coefficient of the
system. Open resonators have also been used in measuring low-loss materials in the millimeter
wavelength range (2) and a certain open resonator system for measuring anisotropic thin films
has been developed and is able to obtain the material tensor permittivity values (3). Measure-
ments using surface electromagnetic waves are quite applicable for low-loss dielectric thin films
and layered substrates, since they possess a high quality factor and are therefore sensitive to
loss (4). Evanescent-field dielectrometry has been utilized in diagnosing and monitoring fresco
degradations resulting from moisture and soluble salts TDEIOlmi. Besides, broadband dielec-
tric measurements (0.01 to 3 GHz) on the effects of exposure of thick film adhesive-bonded
structures to moisture have been reported (6), where the data obtained are complemented by
mechanical testing and failure analysis of the bond structure measured as a function of the ex-
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posure time. However, the focus of this paper is on describing electrostatic and low frequency
NDE techniques for dielectric measurements.
One important and practical field of material dielectric property characterization is dielec-
trometry, which derives the complex permittivity of a test-piece from the measured sensor
capacitance. Interdigital dielectrometry sensors, with increased effective length and output
capacitance between the electrodes because of their interdigital structure, have been used for
dielectrometry measurements for a long time. An excellent review paper on interdigital sensors
and transducers is (7), in which the physical principles, sensor design and fabrication, and reve-
lent applications of interdigital sensors are discussed in detail. These interdigital dielectrometry
sensors have been applied in many fields such as material property monitoring, humidity and
moisture sensing, electrical insulation properties sensing, monitoring of curing processes, chem-
ical sensing, biosensing, and so on. For example, using a secant method root-searching routine
for parameter estimation, interdigital electrode dielectrometry has been made capable of mea-
suring the continuum parameters of heterogeneous media (8), which include material thickness,
material permittivity with thickness known, and material surface conductivity with thickness
known. The optimization of multi-wavelength interdigital dielectrometry instrumentation and
algorithms has also been described in (9). Through variation of geometrical design, materials,
manufacturing processes, electronic circuitry, and considerations of accumulated effects of non-
ideal geometry of experimental setups, improvement of sensor performance can be achieved.
Additionally, design principles for multichannel fringing electric field sensors, especially detailed
analysis on how the sensor geometry affects the sensor performance and tradeoffs among dif-
ferent design objectives, have been carried out (10) providing insight into design of capacitive
sensors in general.
Apart from using interdigital dielectrometry sensors, other sensor configurations have been
used to characterize defects, moisture content, temperature, aging status, delamination, and
other inhomogeneities in dielectric materials. For example, rectangular capacitive array sensors
have been used for the detection of surface and subsurface features in dielectrics and surface
features in conductive materials (11). Cylindrical geometry quasistatic dielectrometry sensors
with signal interpretation based on semi-analytical models have also been developed in recent
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years to measure the permittivity of a dielectric plate (12). For water intrusion detection
in composite structures, rectangular coplanar capacitance sensors with high sensitivity have
been developed (13) on the basis that the presence of defects, such as water, leads to changes
of dielectric characteristics in the structure, resulting in variations in the sensor measured
capacitance. Using a similar principle, rectangular coplanar capacitance sensors have been
applied for damage detection in laminated composite plates (14). Also, the influence of electrode
configurations on a differential capacitive rain sensor, which consists of a sensitive capacitor
whose capacitance changes in the presence of water and an insensitive reference capacitor, have
been investigated in (15). Moreover, these capacitance techniques have even been employed for
the continuous monitoring of the thickness of biofilms and tissue cultures (16).
Electrical capacitance tomography (ECT) is another capacitance measurement technique
that is used to image cross-sections of industrial processes containing dielectric materials (17).
The principle is that through image reconstruction for ECT, the test-piece permittivity distri-
bution and therefore the material distribution over its cross-section can be determined. Over
the past decades, research progress on both the hardware design (18; 19) and sensor configu-
ration optimization (20) of ECT systems has been made successfully.
In this paper, a concentric coplanar capacitive sensor is developed with the motivation of
detecting water or excessive inhomogeneities caused by repairs in modern radome structures.
The proposed sensor, having the advantage of rotational symmetry, consists of a charged cen-
tral disc and a coplanar outer annular ring that exhibit a strong measurable transcapacitance
CT . The output signal depends on the material and structural properties of the test-piece with
which the sensor is in surface contact. An electrostatic Green’s function for a three-layered
dielectric structure in free space is derived in cylindrical coordinates through the Hankel trans-
form method. This derived Green’s function may then be simplified, providing results for many
other cases such as a half-space dielectric, a layered half-space dielectric, and one- and two-
layered dielectrics in free space. Numerical implementations based on these Green’s functions
are described, in which the surface charge distribution on the sensor electrodes is calculated
through the method of moments (MoM). From the surface charge, CT is calculated. To verify
the validity of the numerical calculation, benchmark experiments are conducted for one-, two-,
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Figure 2.1 Concentric coplanar capacitive sensor. The radius of the central disc and the width
of the outer ring are denoted s and t, respectively. The gap between them is g,
and D is the sensor diameter.
and three-layer dielectric test-pieces in free space, respectively. Very good agreement is ob-
served between the calculated and measured transcapacitance. Furthermore, water ingression
measurements in a sandwich structure are carried out and demonstrate the feasibility of using
the capacitive sensor to detect water intrusion and inhomogeneities in radome structures.
2.3 Green’s Functions for Multilayered Dielectrics
The configuration of the proposed sensor is shown in Figure 2.1. This coplanar sensor
consists of two concentric electrodes: the inner disc and the outer annular ring.
Electrostatic Green’s functions due to a point charge over different test-piece structures are
derived first. These Green’s functions are then utilized in later MoM calculations of the sensor
transcapacitance CT . Because of the cylindrical symmetry of the designed sensor, the electro-
static Green’s functions are derived in cylindrical coordinates through the Hankel transform
method. Additionally, the test-pieces in our theoretical analyses are assumed to be infinite in
the horizontal directions and the sensor electrodes are assumed to be infinitesimally thin.
Assume there is a point charge placed at the origin in free space. The resulting electrostatic
potential Ψ, related to the electric field E = −∇Ψ, satisfies the Laplace equation and can be
expressed in cylindrical coordinates as(
∂2
∂ρ2
+
1
ρ
∂
∂ρ
+
∂2
∂z2
)
Ψ(ρ, z) = 0, r 6= 0 (2.1)
where Ψ(ρ, z) is independent of azimuthal angle φ. Next, the Hankel transform f˜(κ) of zero-
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order of a function f(ρ) is given by
f˜(κ) =
∫ ∞
0
f(ρ)J0(κρ)ρ dρ (2.2)
where J0(z) is the Bessel function of the first kind and the inverse transform is of the same
form. Apply the zero-order Hankel transform to (2.1), making use of the following identity∫ ∞
0
[(
∂2
∂ρ2
+
1
ρ
∂
∂ρ
)
f(ρ)
]
J0(κρ)ρ dρ = −κ2f˜(κ), (2.3)
where f(ρ) is assumed to be such that the terms ρJ0(κρ)∂f(ρ)/∂ρ and ρf(ρ)∂J0(κρ)/∂ρ vanish
at both limits. The spatial domain Laplace equation (2.1) is then transformed into a one-
dimensional Helmholtz equation in the transformed domain:(
∂2
∂z2
− κ2
)
Ψ˜(κ, z) = 0, (2.4)
where for κ the root with positive real part is taken. In this paper, the Green’s functions
are first derived in the transformed domain and then transformed back to the spatial domain
through the inverse Hankel transform.
2.3.1 Point Charge on Top of a Four-layer Dielectric
One potential application of the capacitive sensor discussed in this paper is dielectric prop-
erty characterization of three-layer modern aircraft radome structures, using the knowledge of
sensor geometry and the output transcapacitance CT . In order to set up the governing equa-
tions in the MoM calculations for the in-contact characterization of layered dielectric structures,
the potential due to a point charge in the plane z = 0 is derived. Without loss of generality, a
four-layer half-space dielectric configuration shown in Figure 2.2 is used in the following theo-
retical derivation. One can easily obtain the solution for the three-layer radome structure by
replacing 4 by 0, the permittivity of free space.
In Figure 2.2, a point charge is placed on top of a four-layer half-space dielectric. The
electrostatic potential Ψ satisfies the Laplace equation in each homogeneous medium. Af-
ter applying the zero-order Hankel transform mentioned above, the resulting one-dimensional
Helmholtz equations in the transformed domain can be expressed as(
∂2
∂z2
− κ2
)
Ψ˜0(κ, z) =
1
2pi
δ(z), z ≥ 0 (2.5)
14
!
Figure 2.2 Point charge on top of a four-layer dielectric.
(
∂2
∂z2
− κ2
)
Ψ˜i(κ, z) = 0, −hi ≤ z < −hi−1, (2.6)
where i = 1, 2, 3, 4, and h0 = 0 while h4 → −∞. The subscripts 0, 1, , 4 denote the free space
above the dielectric and each homogeneous layer of the dielectric, respectively. From (2.5) and
(2.6), general solutions for the potentials in each region can be expressed as
Ψ˜i(κ, z) = Ai(κ)e−κz +Bi(κ)eκz, −hi ≤ z < −hi−1, (2.7)
where B0(κ) = A4(κ) = 0 due to the fact that the potential at infinity vanishes.
The interface conditions on the electric fields are
zˆ × (E0 −E1) = 0, zˆ · (D0 −D1) = ρs (2.8)
zˆ × (Ei −Ei+1) = 0, zˆ · (Di −Di+1) = 0 (2.9)
where i = 1, 2, 3, and ρs is the free surface charge density in the plane z = 0. Applying
the Hankel transform to the interface conditions for E and D, the corresponding boundary
conditions for the potentials in the transformed domain are expressed:
Ψ˜0(κ, 0) = Ψ˜1(κ, 0) (2.10)
− 0∂Ψ˜0(κ, 0)
∂z
+ 1
∂Ψ˜1(κ, 0)
∂z
=
1
2pi
(2.11)
Ψ˜i(κ,−hi) = Ψ˜i+1(κ,−hi) (2.12)
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i
∂Ψ˜i(κ,−hi)
∂z
= i+1
∂Ψ˜i+1(κ,−hi)
∂z
(2.13)
where i = 1, 2, 3. A little more explanation is made here about the 1/2pi term on the right-hand
side of (2.11). In cylindrical coordinates, the Dirac delta-function can be expressed for points
on the z axis as
δ(r− r′) = 1
2piρ
δ(ρ)δ(z − z′). (2.14)
Therefore, the surface charge density in the plane z = 0 is ρs = δ(ρ)/2piρ, with its Hankel
transform being 1/2pi. Applying the Hankel transform to the boundary condition (2.8), one
can easily get the result shown in (2.11).
Substitute (2.7) into (2.10) and (2.13) to express the coefficient A1(κ) as
A1(κ) = − 12piκ(0 + 1) ×
[
δe−2κh3 + γe−2κh2 + βe−2κh1 + βγδe−2κ(h1+h3−h2)
]
×
∞∑
n=0
(−1)n (β + αe
−2κT1)n
(1 + αβe−2κT1)n+1
(γ + δe−2κT3)n
(1 + γδe−2κT3)n+1
e−2κnT2 (2.15)
where α = (1−0)/(1+0), β = (2−1)/(2+1), γ = (3−2)/(3+2), δ = (4−3)/(4+3).
Besides, T1 = h1, T2 = h2 − h1, and T3 = h3 − h2. In order to get the spatial domain solution,
(2.15) can be expanded into the form of series summations, which facilitates application of the
inverse Hankel transform. For those terms inside the summation of A1(κ), we have
(β + αe−2κT1)n =
n∑
r=0
n!
r!(n− r)!β
n−rαre−2rκT1 (2.16)
1
(1 + αβe−2κT1)n+1
=
∞∑
s=0
(−1)s (n+ s)!
n!s!
βn−r(αβ)se−2sκT1 (2.17)
and similarly for terms (γ + δe−2κT3)n and (1 + γδe−2κT3)−(n+1). Combining equations (2.16)
and (2.17) gives
(β + αe−2κT1)n
(1 + αβe−2κT1)n+1
=
∞∑
s=0
n∑
r=0
(−1)s (n+ s)!
r!(n− r)!s!α
r+sβn+s−re−2(r+s)κT1 . (2.18)
Adopting m = r + s, (2.18) is then written in the following form
(β + αe−2κT1)n
(1 + αβe−2κT1)n+1
=
∞∑
m=0
Kmn(α, β)e−2κmT1 (2.19)
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where
Kmn(α, β) =
min(m,n)∑
r=0
(−1)m−r × (m+ n− r)!
r!(m− r)!(n− r)!α
mβm+n−2r. (2.20)
Similarly
(γ + δe−2κT3)n
(1 + γδe−2κT3)n+1
=
∞∑
l=0
Kln(δ, γ)e−2κlT3 . (2.21)
Finally, the series summation form for A1(κ) in the transformed domain is written as
A1(κ) = − 12piκ(0 + 1) ×
[
δe−2κh3 + γe−2κh2 + βe−2κh1 + βγδe−2κ(h1+h3−h2)
]
×
∞∑
n=0
∞∑
l=0
∞∑
m=0
(−1)nKmn(α, β)Kln(δ, γ)e−2κmT1e−2κlT3 (2.22)
and it is found from the boundary conditions that
A0(κ) =
1
2piκ(0 + 1)
+ (1 + α)A1(κ) (2.23)
Applying the inverse Hankel transform to (2.23), the potential in the z = 0 plane due to a
point charge at the origin is expressed as
Ψ(ρ, 0) =
1
2pi(0 + 1)ρ
+ (1 + α)
∫ ∞
0
A1(κ)J0(κρ)κdκ. (2.24)
The integral in (2.24) can be evaluated by applying the following Hankel transform pair to each
of its power series terms, given in (2.22),
∫ ∞
0
e−κz
κ
J0(κρ)κdκ =
1√
ρ2 + z2
(2.25)
Equation (2.24) is finally expressed in real-space form as
Ψ(ρ, 0) =
1
2pi(0 + 1)ρ
− 1 + α
2pi(0 + 1)
(G1 +G2 +G3 +G4) (2.26)
where
G1 =
∞∑
n=0
∞∑
l=0
∞∑
m=0
(−1)nKmn(α, β)Kln(δ, γ) δ√
ρ2 + [2(mT1 + nT2 + lT3 + h3)]2
(2.27)
G2 =
∞∑
n=0
∞∑
l=0
∞∑
m=0
(−1)nKmn(α, β)Kln(δ, γ) γ√
ρ2 + [2(mT1 + nT2 + lT3 + h2)]2
(2.28)
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G3 =
∞∑
n=0
∞∑
l=0
∞∑
m=0
(−1)nKmn(α, β)Kln(δ, γ) β√
ρ2 + [2(mT1 + nT2 + lT3 + h1)]2
(2.29)
G4 =
∞∑
n=0
∞∑
l=0
∞∑
m=0
(−1)nKmn(α, β)Kln(δ, γ) βγδ√
ρ2 + [2(mT1 + nT2 + lT3 + h1 + h3 − h2)]2
(2.30)
(2.26) to (2.30) together give the surface potential Ψ0(ρ, 0) due to a point charge at the surface
of a four-layer half-space dielectric in the spatial domain. The potential throughout the entire
domain can be derived from the above equations but only Ψ0(ρ, 0) is needed here for later MoM
calculations because the sensor is in contact with the test-piece surface. By substituting 0 for
0 in the above relations, the potential due to a point charge on top of a three-layer dielectric
in free space can be retrieved. Numerical results based on this potential are compared with
corresponding experimental results in Section 2.5.1.
2.3.2 Point Charge on Top of a Two-layer Dielectric in Free Space
The surface potential for the case of a point charge on top of a two-layer dielectric can be
simplified from (2.26) by assuming that 1 = 2 and 4 = 0. We are interested in this case for
the purpose of benchmark testing described in Section 2.5. As a result, β becomes zero and
G3 = G4 = 0. On the other hand, Kmn(α, β) has a non-zero value, Kmn(α) = αn, only when
m = n = r. This is because when m 6= n, the term m+ n− 2r is constantly greater than zero
and thus βm+n−2r = 0. Hence, the corresponding potential is simplified as
Ψ(ρ, 0) =
1
2pi(0 + 1)ρ
− 1 + α
2pi(0 + 1)
(G1 +G2) (2.31)
where
G1 =
∞∑
n=0
∞∑
m=0
(−1)nαnKmn(δ, γ) δ√
ρ2 + {2[(n+ 1)T1 + (m+ 1)T2]}2
(2.32)
G2 =
∞∑
n=0
∞∑
m=0
(−1)nαnKmn(δ, γ) γ√
ρ2 + {2[(n+ 1)T1 +mT2]}2
(2.33)
Here, T1 and T2 represent the thickness of the top and bottom homogeneous layers, respectively.
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Figure 2.3 Point charge on top of a layered half-space dielectric.
2.3.3 Point Charge on Top of a Two-layer Half-space Dielectric
The above derived potential due to a point charge over the surface of a four-layer half-
space dielectric can also be reduced to the case of a point charge on top of a coated half-space
dielectric. This case can be furthermore reduced to the solutions of a point charge on top of a
one-layer dielectric slab in free space and a point charge on top of a homogeneous half-space
dielectric. These simplified results are identical to those presented in (21) and (22). In addition,
calculation results based on the potential due to a point charge on top of a one-layer dielectric
in free space are used in the benchmark comparison in Section 2.5.
Assuming that 1 = 2 = 3 6= 0, the structure in Figure 2.2 is simplified into the case
of a half-space dielectric with a single surface layer as shown in Figure 2.3. The top layer
has dielectric constant 1 and thickness h. The bottom layer is the half-space dielectric with
dielectric constant 2. In this case, β = γ = 0. Kmn(α, β) only has non-zero value when
m = n = r and Kmn(α) = αn. Similarly, Kln(δ, γ) only has non-zero value when l = n = t and
Kln(δ) = δn. (2.26) is simplified to
Ψ(ρ, 0) =
1
2pi(0 + 1)
{
1
ρ
− (1 + α)
∞∑
n=0
(−1)n (α)
n(δ)n+1√
ρ2 + [2(n+ 1)h]2
}
, (2.34)
where α = (1 − 0)/(1 + 0) and δ = (2 − 1)/(2 + 1). To compare the derived result
with that in the literature, rewrite (2.34) in terms of coefficients α = (1 − 0)/(1 + 0) and
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β = (1 − 2)/(1 + 2), which gives
Ψ(ρ, 0) =
1
2pi(0 + 1)
{
1
ρ
+ (1 + α)
∞∑
n=0
(αβ)n
β√
ρ2 + [2(n+ 1)h]2
}
. (2.35)
(2.35) is identical with the result presented in (21), where the Green’s function is derived using
a double Fourier transform in Cartesian coordinates. A special case is that in which the half-
space dielectric is replaced by free space and the test-piece in contact with the sensor is then
a homogeneous plate. The corresponding potential is expressed in (2.36) by replacing 2 with
0 in equation (2.35):
Ψ(ρ, 0) =
1
2pi(0 + 1)
{
1
ρ
+ (1 + α)
∞∑
n=0
(α)2n+1
1√
ρ2 + [2(n+ 1)h]2
}
. (2.36)
(2.36) can be simplified further by choosing 1 = 0. The series summation terms in equation
(2.36) all vanish because α = 0 in this case. This simplified result is identical to that presented
in (22), in which the result is derived in the spatial domain directly.
2.4 Numerical Implementation
2.4.1 Calculation Method
In order to calculate the sensor transcapacitance, CT , the method of moments (MoM) (23)
is utilized in the numerical calculations. In the following calculation examples, all the sensors
share the configuration shown in Figure 2.1, where the central disc is charged to the potential
V1 = 1 V and potential of the outer ring is kept at V2 = 0 V.
The electrostatic potentials due to a point source, derived above, serve as the Green’s
functions in the MoM simulations. As shown in Figure 2.4, the concentric electrodes of the
sensor are divided into N circular filaments each with width ∆ and a surface charge density that
is constant with respect to variation in ρ. For the test-piece structure shown in Figure 2.2, the
potential at a given observation point (ρ, φ, 0) due to a source point (ρ′, φ′, 0) can be expressed
as follows, by slightly modifying equations (2.26) to (2.30):
Ψ(ρ, 0) =
1
2pi(0 + 1)
[
1
|r− r′| − (1 + α)(G1 +G2 +G3 +G4)
]
(2.37)
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Figure 2.4 Concentric sensor is divided into N circular filaments, each with a constant surface
charge density that is constant with respect to variation in ρ.
where
|r− r′| =
√
ρ2 + ρ′2 − 2ρρ′ cos(φ− φ′). (2.38)
G1(|r− r′|) =
∞∑
n=0
∞∑
l=0
∞∑
m=0
(−1)n Kmn(α, β)Kln(δ, γ)δ√|r− r′|2 + [2(mT1 + nT2 + lT3 + h3)]2 (2.39)
and G2(|r − r′|), G3(|r − r′|), and G4(|r − r′|) can be modified similarly. For other test-piece
configurations, the appropriate Green’s function should be used. Moreover, the potential at
such an observation point due to points on a charged sensor shown in Figure 2.1 can be derived
by integrating (2.37) over the sensor electrode surface:
Ψ(ρ, 0|ρ′, 0) = 1
2pi(0 + 1)
∫
disc+ring
K(ρ, 0|ρ′, 0)σ(ρ′)ρ′dρ′, (2.40)
where σ(ρ′) is the sensor surface charge density and
K(ρ, 0|ρ′, 0) =
∫ 2pi
0
[
1
|r− r′| − (1 + α)
4∑
i=1
Gi
]
dφ′. (2.41)
One thing to notice is that because of the cylindrical symmetry of the sensor structure, the
resulting potential in space is independent of the azimuthal angle φ. Therefore, the problem
of calculating the sensor surface charge distribution, which is determined by the potential
distribution, is reduced to the ρ-direction only. For observation points on the sensor electrodes,
the boundary conditions for the potential can be expressed as
Ψi(ρ, z = 0) =
1
2pi(0 + 1)
∫
disc+ring
K(ρ, 0|ρ′, 0)σ(ρ′)ρ′dρ′ = Vm, (2.42)
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where points on the central disc are denoted by m = 1 while those on the outer ring are
denoted by m = 2. In order to solve for the sensor surface charge distribution σ(ρ′) using MoM
calculations, the following expansion is used:
σ(ρ′) =
N∑
j=1
σjbj(ρ′) (2.43)
where bj(ρ′) is the basis function and σj is the unknown coefficient. Here, we choose bj(ρ′) as
the following function for filaments on the inner disc
bj(ρ′) =

1√
s2−(ρ′)2 , (j − 1)∆ < ρ
′ < j∆
0, elsewhere
(2.44)
where s is the radius of the inner disc. For the filaments on the outer annular ring, bj(ρ′) is
chosen as
bj(ρ′) =

1√
(s+g)2−(ρ′)2 ×
1√
(D/2)2−(ρ′)2 , (j − 1)∆ < ρ
′ < j∆
0, elsewhere.
(2.45)
where g is the gap between the two sensor electrodes and D is the diameter of the sensor. This
form of basis function has the advantage of modeling the edge effect of the charge distribution
discussed later. To resolve the N unknown σj coefficients, it is then required that the boundary
conditions for Vm in (2.42) are satisfied for each circular filament on the sensor surface. To
evaluate (2.42) in N different filaments, weighting (or testing) functions wi(ρ) are needed. Here,
we choose the weighting and basis functions to be the same, known as Galerkin’s method. For
filaments on the inner disc,
wi(ρ) =

1√
s2−(ρ)2 , (i− 1)∆ < ρ < i∆
0, elsewhere
(2.46)
while the weighting function for filaments on the outer annular ring
wi(ρ) =

1√
(s+g)2−(ρ)2 ×
1√
(D/2)2−(ρ)2 , (i− 1)∆ < ρ < i∆
0, elsewhere
(2.47)
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where i = 1, 2, , N . Discretizing the integral equation using weighting functions in each of the
N filaments, (2.42) turns into the following matrix equation:
G11 G12 . . . G1N
G21 G22 . . . G2N
...
...
. . .
...
GN1 GN2 . . . GNN

×

σ1
σ2
...
σN

= V, (2.48)
where
Gij =
∫ i∆
(i−1)∆
wi(ρ)
[∫ j∆
(j−1)∆
K(ρ, 0|ρ′, 0)bj(ρ′)ρ′dρ′
]
ρdρ. (2.49)
For the V matrix, if the element is located on the central electrode, its value is V1 = 1 V; while
the values for those elements located on the outer ring are V2 = 0.
From (2.48), the sensor surface charge distribution σ(ρ′) can be calculated. Once σ(ρ′) is
known, one can integrate over the electrode surfaces and find the total charge on both inner and
outer electrodes. The sensor output signal, which is the transcapacitance CT between those
two electrodes, can be ultimately calculated through
CT =
Qouter
Vinner
∣∣∣∣
Vinner=0
(2.50)
where Qouter is the total charge on the outer electrode, while Vinner and Vouter respectively
represent the voltage on the inner and outer electrodes. Choosing this convention leads to
CT < 0, whereas |CT | is compared with experiment in the following.
2.4.2 Example Calculations
Figure 2.5 shows an example of the sensor surface charge distribution, where the sensor is
placed above a half-space dielectric with relative permittivity r = 8. The sensor configuration
is s = t = 10 mm and g = 1 mm. Due to the edge effect, the surface charge density at the
edge of the inner charged electrode is singular. This positive charge distribution results in a
negative surface charge distribution on the outer electrode. The surface charge density on the
inner edge of the outer electrode tends to infinity much faster than that on the outer edge,
because of its smaller radius and stronger interaction with the inner electrode. It is worth
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Figure 2.5 Calculated surface charge distribution for the sensor shown in Figure 2.1 in contact
with a half-space dielectric. Sensor configuration: s = t = 10 mm, g = 1 mm,
Vinner = 1 V, and Vouter = 0 V. The test-piece has relative dielectric constant
r = 8.
mentioning that when one applies a different combination of potentials on the inner and outer
electrodes, the sensor surface charge distribution changes correspondingly. However, the sensor
transcapacitance |CT |, which is the intrinsic property of the sensor and only determined by its
own structure, is unchanged. The sensor transcapacitance, |CT | = 5.398 pF for this case, is
calculated through (2.50).
Numerical calculations based on the same test-piece have been carried out to investigate
the optimal sensor configuration giving the maximum output signal |CT |. The sensor output
signal as a function of s and g is plotted in Figure 2.6. In the calculation, the sensor outer
radius D/2 = s+ g + t is fixed and all the curves in Figure 2.6 are normalized with respect to
their own maximum values. As can be seen from the figure, for any given g, the sensor output
signal increases to a maximum value and then decreases as s increases. This is because as s
increases, the width of the outer electrode t decreases, resulting in stronger edge effects on its
surface charge distribution. These stronger edge effects result in more charges accumulated on
the outer ring, and therefore the sensor output signal is increased according to (2.50). In this
regime, the surface charge density is the dominant factor determining the total surface charge
Qouter. However, as s increases and passes a certain value, the sensor output signal starts
to decrease. This is due to the fact that the diminishing surface area of the outer electrode
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Figure 2.6 Normalized sensor transcapacitance versus changing sensor disc radius s and elec-
trode gap g. The sensor outer radius D/2 = s+ g + t is fixed.
becomes dominant in determining the total surface charge Qouter. As a result, we observe an
optimal sensor configuration for a given g that gives the maximum |CT |. It is also verified in
our calculations that the shape of all the curves in Figure 2.6 do not depend on the actual size
of the sensor and the applied electrode voltage, but only on the relative values of s, g, and D.
Similarly, as g increases, the interaction between the inner and outer electrodes is decreased,
and the surface charge density at their neighboring edges diminishes accordingly. Because of
the decreased edge effect and surface charge density, the outer electrode needs more surface
area to achieve its maximum Qouter, which is directly proportional to |CT |. This is why as
g/D increases, the s/D value that yields the maximum |CT | decreases in Figure 2.6. As one
can imagine, the absolute magnitude of |CT | also becomes smaller for larger g and fixed s and
D values, due to the same reasoning mentioned above. Consequently, in order to achieve the
maximum |CT |, it is desirable to maintain high s/D and low g/D ratios. Nevertheless, it is
worth mentioning that the sensitive area of the sensor closely corresponds to the location of
the gap between its two electrodes, and there will be an insensitive zone at the center of those
sensors with relatively large s values.
Another example, addressing sensor sensitivity to changes in core permittivity of a three-
layer structure, is presented here. We are interested in this problem because one potential
application of the sensor is detection of ingressed water or inhomogeneities in the core of an
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aircraft radome structure, which is typically a three-layer sandwich structure. In the numerical
calculation, the infinite series summations in (2.27) to (2.30)) are truncated to N = 10 terms
each. The difference between N = 10 and N = 100 terms is only 0.008% while the latter is
extremely time-consuming. The sensor configuration is s = t = 10 mm and g = 0.5 mm. The
test-piece is shown in Figure 2.2, where T1 = T3 = 2.4 mm, T2 = 3 mm, and medium 4 is
replaced by free space. The relative permittivity of the top and bottom layers, 1 and 3, is
chosen to be the same. These parameters are also adopted in later benchmark experiments
described in Section 2.5. Figure 2.7 shows how the normalized sensor output signal |CT |
changes as a function of 1 and 3 and of the core relative permittivity 2. In Figure 2.7,
r1 = r2 = r3 = 1 gives the limiting case of the sensor in free space; r1 = r2 = r3 6= 1 gives
the case of the sensor on top of a one-layer test-piece in free space; and r1 = r3 = 1 6= r2
gives the case of lift-off measurement of a one-layer test-piece in free space. It is seen from
Figure 2.7 that the slope of the curve representing the normalized |CT | as a result of changing
r1 = r3 when r2 = 10 is much greater than that obtained as a result of changing r2 when
r1 = r3 = 10 as expected due to the shielding effect of the top layer. In addition, high
r1 = r3 values give less sensitivity to r2 changes. This can be made more explicit by defining
the percentage difference in the sensor output signal as follows:
difference = P =
|CT |r2+∆r2 − |CT |r2
|CT |r2
× 100% (2.51)
When r1 = r3 = 3, r2 = 2, and ∆r2 = 1, for example, then P is 3.66%. However, for the same
r2 and ∆r2, when r1 = r3 = 10, P is only 2.99%. This percentage change in |CT | is expected
to be even smaller when r1 becomes larger, which is reasonable because higher density electric
fields are confined in the high r1 material. To improve sensor sensitivity to the permittivity
change in the core-layer then, one can increase the gap g between the electrodes to some extent.
For example, when g = 1 mm rather than 0.5 mm as in the calculations of Figure 2.7, and
keeping all the other parameters the same, P is 3.62% when r1 = r3 = 3 and 4.42% when
r1 = r3 = 10. However, the magnitude of the sensor output signal is decreased as g increases.
Therefore, a trade-off between high sensor sensitivity and strong output signal is needed when
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Figure 2.7 Calculated sensor output signal |CT | changes as a function of r1 = r3 and the
core-layer relative permittivity r2. |CT | is normalized by its own maximum value
for this calculation, which is 4.66 pF. Sensor configuration is as for Figure 2.5.
determining the optimal sensor configuration for measurements detecting permittivity change
in the core layer.
2.5 Experiments
2.5.1 Benchmark Experiments
In order to verify the validity of the theory developed above, benchmark experiments were
carried out for one-, two-, and three-layer dielectric test-pieces in free space, respectively. An
Agilent E4980A precision LCR meter (20 Hz to 2 MHz) was utilized for the capacitance mea-
surements. The operating frequency of the LCR meter was set to be 1 MHz. This particular
frequency ensured that the measurement error of the LCR meter was less than 0.3% for a 1 pF
capacitance, while at the same time giving a good approximation for the electrostatic case in
the numerical model. A Novocontrol Alpha Dielectric Spectrometer was used to independently
measure the dielectric constants of the samples used in the benchmark experiments. In the
Novocontrol measurements, two 40-mm-diameter electrodes were used and the edge effect com-
pensation was turned on, due to the fact that the thicknesses of the test-pieces were relatively
large compared to the test fixtures electrode diameter. In addition, the test-piece thicknesses
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were measured by a digital thickness indicator with accuracy ± 1 µm. These independently-
measured test-piece thickness and dielectric constant values were used as the inputs of the
calculation model.
Seven copper sensors of the configuration shown in Figure 2.1 were fabricated by pho-
tolithography. Four sensors have g = 0.5 mm and three have g = 1 mm, with different s = t
values. These sensors were deposited onto a 25-µm-thick Kapton film to support the copper.
By comparing the calculation result of a capacitive sensor (s = t = 10 mm and g = 0.5 mm)
on top of a half-space dielectric (r = 8) and that of the same sensor on top of a 25-µm-thick
Kapton R© film over the same half-space, it was estimated that the presence of the Kapton R©
film influences the measurement signal by less than 0.5%. For each of the following benchmark
measurements, the test-piece was supported by three acrylic stands 50 cm above a wood-top
working table to approximate the infinite test-piece in free space assumption in the calculation
model. Tape was used to attach each sensor tightly against the test-piece to ensure minimum
air gap between the sensor and the test-piece, due to the fact that the presence of an air gap can
affect measurement results significantly. The tape was attached on the edges of the Kapton R©
film, far away from the sensor outer electrode. |CT | was measured by placing the probe of the
Agilent probe test fixture 16095A across the two sensor electrodes. This probe test fixture was
connected to the LCR meter and the capacitance values were read from the LCR screen.
To verify the results for the case of the capacitive sensor on top of a one-layer dielectric
test-piece in free space, a glass plate with dimensions 305×305 mm2 and thickness 3.02 ± 0.01
mm was used. The test-piece dielectric constant was independently measured as 5.62 ± 0.05.
Figure 2.8 gives the comparison between the numerical and experimental results. Experimental
data show excellent agreement with the numerical results, to within 4%. Ten measurements
were made for each sensor and the results were averaged. The maximum standard deviation
in the measurements was found to be 2%. As can be seen, |CT | increases as s increases and
decreases as g increases. Meanwhile, sensors with smaller s values show relatively greater
standard deviation in the measured data. This is reasonable because when the scale of the
sensor becomes smaller, the output capacitance is consequently smaller, and the noise from
the surroundings in the measurement environment can have a relatively greater impact on the
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Figure 2.8 Measured and calculated |CT | for various sensor configurations (see Figure 2.1) in
contact with a glass plate with r = 5.62 and thickness 3.02 mm.
measurement results.
The case of the capacitive sensor on top of a two-layer dielectric test-piece in free space
was verified by placing a 305× 305 mm2 acrylic plate with thickness 2.39 ± 0.02 mm on top of
the glass plate mentioned above. The independently measured acrylic dielectric constant was
2.85 ± 0.05 in this case. Plastic clamps were used to make sure there was as little air gap as
possible between these two plates. Figure 2.9 gives the comparison between the numerical and
experimental results. Again, very good agreement between experimental and theoretical results
is observed. The maximum difference between the theory and experiment is less than 3% and
the maximum standard deviation is 1% in these measurements. Similarly, Figure 2.10 shows the
comparison results for the case of the capacitive sensor on top of a three-layered acrylic-glass-
acrylic structure. The top and bottom acrylic plates share the same parameters and the glass
plate sandwiched in the middle is the same as that used previously. It is seen from Figure 2.10
that, even for this more complex test-piece, very good agreement between theoretical predictions
and experimental results is obtained. In this case, the maximum difference between the theory
and experiment is 3% and the maximum standard deviation is 1%.
In conclusion, benchmark experiments show very good agreement with theoretical predic-
tions. The output signal for the three-layer acrylic-glass-acrylic structure is slightly greater
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Figure 2.9 Measured and calculated |CT | for various sensor configurations (see Figure 2.1) in
contact with an acrylic plate, r = 2.85 and thickness 2.39 mm, on top of a glass
plate with parameters as for Figure 2.8.
than that of the two-layer acrylic-glass structure but smaller than that of the one-layer glass
plate. Because glass has a higher permittivity than acrylic, the sensor output signal of the
one-layer glass plate is greater than that of the two-layer acrylic-glass structure. For the three-
layer acrylic-glass-acrylic structure, the electric fields are mostly shielded by the glass plate.
Therefore, adding an acrylic plate beneath the glass plate does not result in a significant change
in the sensor output signal.
2.5.2 Detection of a Localized Anomaly in a Three-layer Structure
Water intrusion has been a persistent problem for composite structures on aircraft. The
freezing and thawing of intruded water in radomes and honeycomb sandwich flight controls can
lead to disbond and structural failures. For this reason, water ingression experiments based on
a sandwich structure were conducted to demonstrate the sensors capability of detecting water
intrusion in radome structures. The sandwich panel used in the following water ingression
tests, shown in Figure 2.11, has a paper and resin honeycomb core covered with fiberglass skins
and closely resembles a real radome structure. Table 2.1 gives the detailed properties of the
sandwich panel.
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Figure 2.10 Measured and calculated|CT | for various sensor configurations (see Figure 2.1) in
contact with a three-layer acrylic-glass-acrylic structure. Layer parameters are as
for Figures 2.8 and 2.9.
!
Figure 2.11 Sensor on top of a 1 cc water-injected glassfiber-honeycomb-glassfiber sandwich
panel. Subfigure: photograph of the sandwich panel whose properties are given
in Table 2.1.
Figure 2.11 shows the configuration for the coplanar capacitive sensor inspecting for 1 cc
of injected water (4 honeycomb cells). The sensor scans from right to left on the test-piece
surface, and the sensor output signal is read from the LCR meter screen. The solid line in
Figure 2.12 shows the sensor output signal for the configuration shown in Figure 2.11. It is
seen from the solid curve in Figure 2.12 that there are two peaks and a valley between them
in the output signal. This phenomenon arises from the fact that the most sensitive region of
the sensor is at the gap between its two electrodes. As the sensor scans over the water, the
left gap of the sensor meets the water-injected area first. This results in a peak in the sensor
output signal. As the sensor continues to move to the left and reaches the place where it is
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Table 2.1 Properties of the Glassfiber-Honeycomb-Glassfiber Sandwich Panel (Figure 2.11),
Supplied by the Composites Store, Inc.
Parameter Valuel
Core thickness 7.62 mm
Skin thickness 0.254 mm
Cell volume 0.25 cc
Surface area of cell 22 mm2
Panel length and width 298.45 mm
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Figure 2.12 Measured |CT | for 1 cc of water injected into the glassfiber-honeycomb-glassfiber
sandwich panel, Figure 2.11. Sensor configuration is as for Figure 2.5.
centered over the water-injected area, there is a decrease in the sensor output signal, due to the
fact that the water is off the sensors most sensitive region. However, as the sensor continues
moving, its right gap then meets the water-injected area. As a result, there is another peak in
the sensor output signal. When the sensor moves away from the water-injected area, its output
signal returns to the baseline signal for the unflawed panel.
In contrast, the dashed line in Figure 2.12 shows the sensor output signal for 5 cc of injected
water. In this case there is only one peak in the sensor output signal, and the magnitude of
the peak is approximately double that measured for 1 cc of injected water. This is due to the
fact that the water-injected area in this case is larger than in the previous case (20 honeycomb
cells). As the sensor scans from the right to the left, its left gap reaches the water-injected
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area first. Correspondingly, there is an increase in the output signal. As the sensor keeps
moving, its left gap still lies over the water-injected area, while its right gap starts to come
into the water-injected area as well. This leads to the maximum sensor output signal shown
in Figure 2.12. However, as the sensor continues moving, its left gap leaves the water-injected
area first and the sensor output signal starts to decrease. When both gaps move out of the
water-injected region, the sensor output signal returns to the baseline signal for the unflawed
panel.
2.6 Conclusion
Electrostatic Green’s functions for a point charge on top of multi-layered dielectric struc-
tures have been derived using the Hankel transform given the cylindrical symmetry of the
concentric sensor. Sensor output signal, transcapacitance |CT |, has been calculated through
the method of moments and corresponding benchmark experiments have been carried out.
Very good agreement (within 4%) between theory and experiment on one-, two-, and three-
layer dielectric test-pieces in free space has been observed. This suggests that experimental
measurements can be interpreted by the theoretical model in order to determine permittivity
of individual layers in multi-layered structures.
Additionally, the capability of the proposed sensor for detecting water intrusion in radome
structures has been demonstrated by experiments in which 1 cc and 5 cc of water injected into
the core of a glassfiber-honeycomb-glassfiber sandwich structure were clearly detected. In the
future, a hand-held capacitive NDE system based on the proposed sensor will be developed and
eventually differential probes for optimal defect detection in low-conductivity materials will be
investigated.
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CHAPTER 3. ANALYSIS OF A CONCENTRIC COPLANAR
CAPACITIVE SENSOR USING A SPECTRAL DOMAIN APPROACH
A paper published in the Review of Progress in Quantitative Nondestructive Evaluation
Tianming Chen, Jiming Song, John R. Bowler, and Nicola Bowler
3.1 Abstract
Previously, concentric coplanar capacitive sensors have been developed to quantitatively
characterize the permittivity or thickness of one layer in multi-layered dielectrics. Electrostatic
Green’s functions due to a point source at the surface of one- to three-layered test-pieces were
first derived in the spectral domain, under the Hankel transform. Green’s functions in the
spatial domain were then obtained by using the appropriate inverse transform. Utilizing the
spatial domain Green’s functions, the sensor surface charge density was calculated using the
method of moments and the sensor capacitance was calculated from its surface charge. In
the current work, the spectral domain Green’s functions are used to derive directly the integral
equation for the sensor surface charge density in the spectral domain, using Parseval’s theorem.
Then the integral equation is discretized to form matrix equations using the method of moments.
It is shown that the spatial domain approach is more computationally efficient, whereas the
Green’s function derivation and numerical implementation are easier for the spectral domain
approach.
3.2 Introduction
The efficient and reliable characterization of material properties of dielectric is of increasing
importance in research because of the changing needs of industry. For example, there is greater
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use of composite materials in new aircraft, such as the Boeing 787, because of the weight sav-
ing achieved. Correspondingly, many electromagnetic techniques, both high frequency and low
frequency methods, have been developed over the years to meet the increasing need for the
nondestructive evaluation (NDE) of dielectric and low-conductivity materials. For instance,
dielectric resonators have been developed for precise measurements of complex permittivity
and the thermal effects on permittivity for isotropic dielectric materials (1). Interdigital di-
electrometry sensors have been used for applications such as humidity and moisture sensing,
electrical insulation properties sensing, monitoring of curing process, chemical sensing, and so
on (2). Cylindrical geometry quasistatic dielectrometry sensors have been developed for quan-
titative capacitance measurements of multi-layered dielectrics (3), while rectangular coplanar
capacitive sensors have been applied for water intrusion detection in composite structures as
well as damage detection in laminated composite plates (4; 5).
In our previous work, concentric coplanar capacitive sensors have been developed to char-
acterize quantitatively the permittivity or thickness of one layer in multi-layered dielectrics,
using a spatial domain approach in the theoretical analysis (6). Electrostatic Green’s functions
due to a point source at the surface of one- to three-layered test-pieces were first derived in
the spectral domain, under the Hankel transform. Green’s functions in the spatial domain
were then obtained by using the appropriate inverse transform. Utilizing the spatial domain
Green’s functions, the sensor surface charge density was calculated using the method of mo-
ments (MoM) and the sensor capacitance was calculated from its surface charge. In the current
work, a spectral domain approach is applied. Spectral domain approaches have been widely
used in calculating the dispersion characteristics of microstrip lines (7) and open and shielded
microstrips (8; 9) over the decades. In this paper, the spectral domain Green’s function is used
to derive the integral equation for the sensor surface charge density in the spectral domain,
using Parseval’s theorem. Then the integral equation is discretized to form matrix equations
using the MoM. It is shown that the spatial domain approach is more computationally efficient
for both one- and three-layered structures in free space, while the Green’s function derivation
and numerical implementation for the spectral domain approach are more straightforward.
38
s g t
D/2=s+g+t
ȡ
1 2
N
N+1
N+2
N+M
Figure 3.1 Concentric coplanar capacitive sensor. The radius of the central disc and the width
of the outer ring are s and t, and the gap in between is g. For computational
purposes, the sensor is divided into N circular filaments on the inner disc and M
circular filaments on the outer annular ring.
3.3 Spectral Domain Green’s function for Multilayered Dielectrics
The configuration of the concentric coplanar capacitive sensor is shown in Figure 3.1. The
capacitive sensor consists of two concentric electrodes: the inner disc and the outer annular
ring.
In order to model the in-contact characterization of layered dielectric structures, the Green’s
function due to a charged sensor over a five-layer half-space dielectric is derived. The Green’s
function is then utilized in later MoM calculations of the sensor capacitance C. Besides, the
test-pieces in our theoretical analysis are assumed to be infinite in the horizontal directions and
the sensor electrodes are assumed to be infinitesimally thin.
A charged concentric sensor placed on top of a five-layer half-space dielectric is shown in
Figure 3.2. The electrostatic potential Ψ, related to the electric field E = −∇Ψ, satisfies the
Laplace equation in each homogeneous medium, and can be expressed in cylindrical coordinates
as
(
∂2
∂ρ2
+
1
ρ
∂
∂ρ
+
∂2
∂z2
)
Ψi(ρ, z) = 0, i = 0, 1, · · · , 5, (3.1)
where Ψi(ρ, z) is the potential in medium i and is independent of azimuthal angle φ. The
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Figure 3.2 Concentric capacitive sensor on top of a five-layer dielectric.
Hankel transform f˜(κ) of zero-order of a function f(ρ) is given by
f˜(κ) =
∫ ∞
0
f(ρ)J0(κρ)ρ dρ, (3.2)
with the inverse being of the same form. Apply the zero-order Hankel transform to (3.1),
making use of the following identity (10)∫ ∞
0
[(
d2
dρ2
+
1
ρ
d
dρ
)
f(ρ)
]
J0(κρ)ρ dρ = −κ2f˜(κ), (3.3)
where f(ρ) is assumed to be such that the terms ρJ0(κρ)df(ρ)/dρ and ρf(ρ)dJ0(κρ)/dρ vanish
at both limits. The spatial domain Laplace equation (3.1) is then transformed into a one-
dimensional Helmholtz equation in the transformed domain:(
d2
dz2
− κ2
)
Ψ˜i(κ, z) = 0, i = 0, 1, · · · , 5, (3.4)
where for κ the root with positive real part is taken. From (3.4), general solutions for the
potentials in each layer can be expressed as
Ψ˜i(κ, z) = Ai(κ)e−κz +Bi(κ)eκz, −hi ≤ z < −hi−1, (3.5)
where i = 0, 1, · · · , 5, h−1 → ∞, h0 = 0, and h5 → −∞. Note that B0(κ) = A5(κ) = 0 due to
the fact that the potential at infinity vanishes. The interface conditions on the electric fields
are
zˆ × (E0 −E1) = 0, zˆ · (D0 −D1) = σs(ρ) (3.6)
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zˆ × (Ei −Ei+1) = 0, zˆ · (Di −Di+1) = 0 (3.7)
where i = 1, 2, 3, 4 and σs(ρ) is the free surface charge density on the sensor surface and is only
a function of ρ. Applying the Hankel transform to the interface conditions for E and D, the
corresponding boundary conditions for the potentials in the spectral domain are expressed:
Ψ˜0(κ, 0) = Ψ˜1(κ, 0), (3.8)
1
dΨ˜1(κ, 0)
dz
= 0
dΨ˜0(κ, 0)
dz
+ σ˜s(κ). (3.9)
Ψ˜i(κ,−hi) = Ψ˜i+1(κ,−hi), (3.10)
i
dΨ˜i(κ,−hi)
dz
= i+1
dΨ˜i+1(κ,−hi)
dz
, (3.11)
where i = 1, 2, 3, 4 and σ˜s(κ) is the Hankel transform of the spatial domain surface charge
density σs(ρ) at z = 0:
σ˜s(κ) =
∫ ∞
0
σs(ρ)J0(κρ)ρ dρ. (3.12)
Substitute (3.5) into (3.8) to (3.11) to express the coefficient A0(κ) as
A0(κ) =
σ˜s(κ)
(0 + 1)κ
F (κ)
D(κ)
, (3.13)
where
F (κ) = 1 −α2e−2κh1 − α3e−2κh2 − α4e−2κh3 − α5e−2κh4 + α2α3e−2κd2 + α3α4e−2κd3
+ α4α5e−2κd4 − α2α4α5e−2κ(d1+d4) − α2α3α4e−2κ(d1+d3) + α2α4e−2κ(d2+d3)
+ α3α5e−2κ(d3+d4) + α2α3α4α5e−2κ(d2+d4) − α2α3α5e−2κ(d1+d3+d4)
− α3α4α5e−2κ(d1+d2+d4) + α2α5e−2κ(d2+d3+d4), (3.14)
D(κ) = 1 +α1α2e−2κh1 + α1α3e−2κh2 + α1α4e−2κh3 + α1α5e−2κh4 + α2α3e−2κd2
+ α3α4e−2κd3 + α4α5e−2κd4 + α2α4e−2κ(d2+d3) + α3α5e−2κ(d3+d4)
+ α1α2α4α5e−2κ(d1+d4) + α1α2α3α4e−2κ(d1+d3) + α2α3α4α5e−2κ(d2+d4)
+ α2α5e−2κ(d2+d3+d4) + α1α2α3α5e−2κ(d1+d3+d4)
+ α1α3α4α5e−2κ(d1+d2+d4), (3.15)
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αi = (i − i−1)/(i + i−1) i = 1, 2, .., 5, and d1 through d4 correspond to the thickness of
layer 1 to layer 4, respectively. Substitute (3.13) into (3.5), the potential in the plane z = 0 is
expressed as
Ψ˜0(κ, 0) =
σ˜s(κ)
(0 + 1)κ
F (κ)
D(κ)
. (3.16)
Now, rather than performing the inverse Hankel transform of the Green’s function in the spatial
domain approach (6), the spectral domain Green’s function is used to calculate directly the
sensor surface charge density σs(ρ) and eventually the sensor capacitance C.
3.3.1 Numerical Implementation
The method of moments (MoM) (11) is utilized in the numerical calculations to calculate
the sensor capacitance, C. In the following calculation examples, all the sensors share the
configuration shown in Figure 3.1, where the central disc is charged to the potential V1 = 1 V
and potential of the outer ring is kept at V2 = 0 V.
As shown in Figure 3.1, the inner disc (outer annular ring) of the concentric sensor are
divided into N (M) circular filaments each with width ∆1 (∆2) and a surface charge density
that is constant with respect to variation in ρ. In order to solve for the sensor surface charge
distribution σs(ρ) using MoM calculations, the following expansion for the inner disc is used
σs(ρ) =
N∑
n=1
σnbn(ρ), (3.17)
where σn is the unknown coefficient and bn(ρ) is the pulse basis function:
bn(ρ) =

1 (n− 1)∆1 < ρ < n∆1
0 elsewhere
(3.18)
The Hankel transform of the spatial domain surface charge density σs(ρ) at z = 0 is expressed
as
σ˜s(κ) =
N∑
n=1
σnb˜n(κ), (3.19)
where
b˜n(κ) =
∫ ∞
0
bn(ρ)J0(κρ)ρ dρ =
1
κ
[n∆1J1(n∆1κ)− (n− 1)∆1J1((n− 1)∆1κ)] . (3.20)
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One can expand the surface charge density on the outer annular ring similarly, and (3.16) is
written as
Ψ˜0(κ, 0) =
∑L
n=1 σnb˜n(κ)
(0 + 1)κ
F (κ)
D(κ)
, (3.21)
where L = M + N . Multiply both sides of (3.21) by b˜m(κ)κ and integrate with respect to κ
from 0 to ∞, (3.21) is expressed as the following integral form
1
0 + 1
∫ ∞
0
F (κ)
D(κ)
L∑
n=1
σnb˜n(κ)b˜m(κ) dκ =
∫ ∞
0
Ψ˜0(κ, 0)b˜m(κ)κ dκ, (3.22)
and can be further discretized into the matrix equation below
G11 G12 . . . G1L
G21 G22 . . . G2L
...
...
. . .
...
GL1 GL2 . . . GLL

×

σ1
σ2
...
σL

=

v˜1
v˜2
...
v˜L

, (3.23)
where
Gmn =
1
0 + 1
∫ ∞
0
F (κ)
D(κ)
b˜m(κ)b˜n(κ) dκ. (3.24)
On the other hand, from Parseval’s theorem, we have∫ ∞
0
Ψ˜(κ, z)b˜m(κ)κ dκ =
∫ ∞
0
Ψ(ρ, z)bm(ρ)ρ dρ (3.25)
and the right hand side of (3.23) is expressed as
v˜m =
∫ ∞
0
Ψ˜0(κ, 0)b˜m(κ)κ dκ =
∫ ∞
0
Ψ(ρ, 0)bm(ρ)ρ dρ. (3.26)
A closed-form expression can be obtained depending on the constant potential Ψ0(ρ, 0) on the
sensor surface. From (3.23), the sensor surface charge distribution can be calculated. Once
σs(ρ) is known, one can integrate over the electrode surfaces and find the total charge on both
inner and outer electrodes. The sensor output signal, which is the capacitance C between those
two electrodes, can be ultimately calculated through
C =
Q
V
, (3.27)
where Q is the total charge on each electrode, while V represents the potential difference
between the inner and outer electrodes. It is worth pointing out that there is no singularity
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problems in evaluating the MoM matrix elements in the spectral domain approach. However,
in the spatial domain approach, care must be taken to deal with the singularity problems in
the MoM matrix when the source point and the observation point are at the same location.
3.4 Spectral versus Spatial Domain Approaches
The spatial domain Green’s function for a source point on top of a four-layer half-space
dielectric is derived in (6). The Green’s function is in the form of zero to infinity series sum-
mations, and the number of summations is proportional to the number of layers present in the
test-piece. In the MoM calculations, the matrix elements are formed by integrating the Green’s
function along radial and azimuthal directions, where closed form expressions are available for
integration along the azimuthal direction. Experimental verification of the numerical model
based on the spatial domain Green’s function has been presented in (6). Very good agreement
(to within 4%) between theory and experiment has been observed.
For the purpose of comparing the computational efficiency of the spatial and spectral domain
approaches, the case of the concentric sensor on top of a one-layer dielectric slab in free space is
considered first. The Green’s functions can be obtained by adopting 2 = 3 = 4 = 5 = 0 in
Figure 3.2. In the following numerical calculations, the zero to infinity summation in evaluating
the spatial domain Green’s function is truncated to N0 terms, where N0 is chosen to achieve
accuracy of four significant figures in the final calculated C, and the zero to infinity integral
in (3.24) for the spectral domain approach is truncated to the region from 0 to T in a similar
manner. The sensors in the following numerical comparisons share the same configuration:
s = 10 mm, g = 0.5 mm, and t = 10 mm. In the numerical calculations, the sensor is divided
into N = M = 10 circular filaments on the disc and the outer ring, respectively (see Figure 3.1).
The computer used in the calculations is MacBook Pro with Intel Core 2 Duo 2.26 GHz and 2
GB memory.
Table 3.1 shows the comparison results for the case of the concentric sensor on top of a one-
layer dielectric slab with r1 = 100 in free space. Different slab thicknesses h1 are considered. As
one can see, the spatial domain approach is more efficient in calculating one-layered test-pieces
in free space, especially as h1 increases. Calculations for the dielectric slab with r1 = 2 were
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Table 3.1 Sensor on top of a one-layer dielectric slab in free space. The relative permittivity
of the slab is r1 = 100.
h1 C N0 in the Spatial T in the Spectral
(mm) (pF) spatial domain spatial domain domain
domain approach approach approach
approach CPU time (s) (m−1) CPU time (s)
0.1 6.612 107 72.4 310 79.6
0.56 25.01 49 34.0 490 155.9
3.16 55.10 15 20.3 360 106.6
17.78 71.36 4 8.5 480 204.7
100 71.70 1 5.2 310 154.8
also performed. By comparing the calculation results corresponding to r1 = 100 and r1 = 2,
it is found that for any fixed h1, the truncation range and CPU time reduce as r1 decreases, for
both approaches. However, such changes are more dramatic for the spatial domain approach.
For example, when r1 = 2 and h1 = 0.1 mm, N0 = 3 and the CPU time spent is 7.5 s for the
spatial domain approach, while for the spectral domain approach T = 220 m−1 and the CPU
time spent is 55.5 s.
In order to compare the efficiency of these two approaches in calculating C for multi-layered
dielectrics, the case of a concentric capacitive sensor on top of a three-layer dielectric test-piece
in free space is considered, in which media 0, 2, 4, and 5 in Figure 3.2 are replaced by free space
while media 1 and 3 share a relative permittivity of r. The thickness of layer 1, 2, and 3 is
0.34 mm. Table 3.2 shows the comparison results between these two approaches, with different
permittivity contrasts between neighboring layers. It is still found that the spatial domain
approach is more computationally effective than the spectral domain approach, in dealing with
multi-layered structures.
3.5 Conclusion
The computational efficiency of a spectral domain approach is compared with that of a
spatial domain approach for the numerical calculation of capacitance of a coplanar concentric
sensor in contact with layered test-pieces. The spatial domain approach is found more efficient
in dealing with both one- and three-layered dielectric structures, due to the fact that integration
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Table 3.2 Sensor on top of a three-layer dielectric in free space, with different permittivity
contrasts between neighboring layers. When r = 40, four significant figure accuracy
in C is not achieved.
h1 C N0 in the Spatial T in the Spectral
(mm) (pF) spatial domain spatial domain domain
domain approach approach approach
approach CPU time (s) (m−1) CPU time (s)
2 1.688 2 9.0 220 72.5
10 3.370 12 40.4 320 99.9
20 5.288 20 72.7 360 116.8
30 7.140 24 91.4 380 127.6
of the Green’s function along the azimuthal direction has a closed form expression. Such
efficiency is at the cost of performing analytical inverse Hankel transformation in the Green’s
function derivation and at the cost of dealing with singularities in evaluating MoM matrix
elements. The spectral domain approach, however, is less complex in both the theoretical
derivation and the numerical implementation.
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CHAPTER 4. A ROTATIONALLY-INVARIANT CAPACITIVE PROBE
FOR MATERIALS EVALUATION
A paper published in the Materials Evaluation
Tianming Chen and Nicola Bowler
4.1 Abstract
Motivated by potential applications such as defect detection in aircraft radome sandwich
structures, a rotationally-invariant capacitive probe with concentric coplanar electrodes has
been designed based on a theoretical model published previously. Two versions of the probe,
with different target sensing penetration depths, have been constructed in such a way that re-
moval of parasitic capacitances can be achieved. Capacitance measurements for the probes
in surface contact with laminar structures show agreement with theoretical predictions to
within 10%. Important factors governing the penetration depth of concentric capacitive sensors
have been investigated numerically, followed by experimental investigation on stepped samples,
whose results are found to be in accordance with numerical predictions. The effect of probe
lift-off on inferred permittivity of dielectric slabs was also investigated. As lift-off increases,
uncertainty in inferred permittivity increases dramatically. On the other hand, the capacitive
probes show good sensitivity to low-contrast inhomogeneities embedded in laminar structures;
1 cc of a low contrast liquid injected into the core of a glassfiber-honeycomb-glassfiber sandwich
structure has been successfully detected.
49
4.2 Introduction
There are numerous applications in which the use of non-traditional low-conductivity ma-
terials is increasing rapidly. Lightweight structural composites in air- and space-craft, Kevlar
body-armor and ceramic-matrix-composites for thermal stability in hot engine environments
are examples of these. In cases where the integrity of the material is important, there is a
need for effective nondestructive evaluation (NDE) of these materials. Capacitive NDE offers a
favorable solution to the dilemma of achieving high performance at relatively low cost for defect
detection in, and characterization of, low-conductivity materials. Capacitive NDE works by
measuring the capacitance, C, of a pair of electrodes in close proximity to a low-conductivity
test-piece. Interdigital coplanar capacitive sensors are capable of quantitative characterization
of test-piece material properties and are widely used (1). Rectangular capacitive array sensors
that detect surface and subsurface features of dielectric materials have also been reported (2).
Rectangular coplanar capacitance sensors have been developed to detect water intrusion in
composite materials (3) and for damage detection in laminated composite plates (4). Another
potential application of capacitive NDE is in the assessment of the integrity of wiring insulation.
For example, curved patch electrodes that conform to the outer surface of electrical cables have
been developed and modeled in order to evaluate the wire insulation permittivity from mea-
sured capacitance values (5). In other work (6), linear relationships between the capacitance
of open-circuited wires (parallel insulated round wires, twisted-pairs, and coaxial cables) and
their length have been proposed and enable the determination of cable length from measured
capacitance values.
Finite element method simulation packages have often been employed to calculate interdigi-
tal sensor capacitance and have the advantage of being able to deal with test-pieces of arbitrary
shape. One effective semi-analytical approach, called the continuum model, has been devel-
oped to relate the sensor capacitance to the complex permittivity and thickness of each layer
in multi-layered configurations (7). In the continuum model, iterative relationships between
complex surface capacitance densities of neighboring layers are derived, in which the complex
surface capacitance density relates the electric flux density at a planar surface to the potential
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at that surface. Conformal mapping techniques have also been applied to obtain closed-form
solutions for the capacitance of interdigital sensors in surface contact with multi-layered dielec-
tric structures (8). Adopting a similar analytical approach as in the continuum model, circular
electroquasistatic dielectrometry sensors have been developed for evaluation of multi-layered
dielectrics (9). In work closely related to this work, concentric coplanar capacitive sensors have
been developed for quantitative characterization of the permittivity or thickness of individual
layers in multi-layered dielectrics, using either a spatial domain approach (10) or a spectral
domain approach (11) in the theoretical analysis. Analysis for the hand-held capacitive probe
presented in this paper is based on the spectral domain approach.
In this study, a rotationally-invariant hand-held capacitive probe with concentric coplanar
electrodes has been designed and built, Figure 4.1, motivated by defect detection in aircraft
radome sandwich structures. Typical NDE radome inspection techniques include X-ray, ul-
trasound (12), millimeter wave/microwave (13), shearography, terahertz imaging (14), and
thermography. Comparisons of the different methods for radome inspection are available in
(15). It was found that X-ray and millimeter wave techniques had high detection sensitivity in
this specific application, while ultrasound and shearography methods did not. The advantage of
utilizing capacitive NDE for radome inspection lies in the fact that this method does not require
the use of expensive equipment or complicated operation procedures to achieve good inspection
results. Two versions of the probe, with different target penetration depths, have been tested.
The sensors have the same outer diameter (25.4 mm) but different gap width between the inner
and outer electrodes. The probes were designed with the aid of a theoretical model in which the
capacitance is related to the electrode dimensions and the thickness and permittivity of each
layer in a multi-layered dielectric test-piece. Experimental measurements of C with the probes
in surface contact with one- and multi-layered dielectric test-pieces have been carried out and
measured capacitance agrees with theoretical predictions to within 10%. This work builds on a
previous benchmark study in which un-encased electrodes were tested on similar multi-layered
test-pieces in order to validate the theoretical model. In the previous study, measured and
calculated C were found to agree to within 4%. Further, the important parameters governing
the penetration depth of this concentric capacitive sensor have been studied theoretically and
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Figure 4.1 Illustrations of concentric capacitive electrodes on top of a multi-layer dielectrics:
(a) sensor configuration and test-piece structure used in the numerical modeling;
(b) assembled hand-held probe based on the modeling in (a).
experimentally by measurements on stepped Delrin R© and HDPE slabs. Lift-off studies, both
numerical and experimental, were carried out to investigate how lift-off affects measured C and
the accuracy of the test-piece material properties when determined inversely from measured
C. It is demonstrated that these hand-held probes are capable of detecting small embedded
inhomogeneities in laminar structures, e.g., 1 cc of a low permittivity (low contrast) injected
fluid in a glassfiber-honeycomb-glassfiber sandwich panel that gives rise to ∆C ∼ 0.02 pF is
clearly detected. These capacitive probes are especially promising for discontinuity detection
in sandwich structures. Instrument uncertainty in the measured capacitances in this paper is
0.3%.
4.3 Theoretical Background
Figure 4.1 a) depicts a concentric capacitive sensor in surface contact with a five-layer
dielectric half-space. The capacitive sensor consists of an inner disc, radius s, and an outer
annular ring, width t. The gap between these two electrodes is denoted g. A numerical model,
described elsewhere (11), provides a quantitative relationship between the sensor output signal,
which can be measured, and the permittivity and thickness of each layer in the dielectric. In
the theoretical modeling, a spectral domain Green’s function is derived for the configuration in
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Figure 4.1 a). This Green’s function is used to obtain an integral equation for the sensor surface
charge density in the spectral domain, using Parseval’s theorem. This integral equation is then
discretized to form matrix equations using the method of moments, from which the sensor
surface charge density is calculated. The total charge Q on each sensor electrode is obtained by
integrating the calculated surface charge density over electrode surface and the sensor output
capacitance is then computed from C = Q/V , where V is the potential difference between the
two electrodes. The concentric sensor is considered to be infinitesimally thin in the numerical
calculations while the test-piece is assumed to be laterally infinite. These assumptions are
reasonable for electrodes that are relatively thin compared with the thickness of individual
layers in the test-piece, and if the sensor is placed sufficiently far from the edges of the test-
piece so that edge effects are negligible. For details of the calculation, see (11).
4.4 Probe Assembly
Two sets of concentric electrodes with different target penetration depths were fabricated
by selectively etching a 18-µm-thick copper cladding (14 mL standard) off a 25.4-µm-thick
Kapton R© film by photolithography (American Standard Circuits, Inc). Both sets of electrodes
have fixed outer diameter 25.4 mm (1 inch), which was selected as a workable dimension
for a hand-held probe, but have different gaps and other dimensions as listed in Table 4.1.
The characteristic capacitance listed in Table 4.1 is the calculated free-space capacitance for
each sensor. The gap between the two electrodes and the width of the outer electrode are
relatively small values and strongly affect the sensor output capacitance. In order to measure
these values very accurately, a Nikon EPIPHOT 200 microscope was used that is capable of
achieving precision of ± 5 µm for good calibration and 50X magnification. The sensor inner
electrode radius was measured using the traveling microscope method with accuracy ± 0.01
mm, due to its relative large dimension. It was found that the fabricated dimensions are the
same as the nominal values under such measurement accuracy.
Figure 4.2 a) shows the assembled capacitive probe, Figure 4.2 b) shows the concentric
electrodes, and Figure 4.3 a) shows the components used to assemble the probe. They consist
of the following: a Rogers RO4003 R© dielectric sensor substrate with thickness 0.31 ± 0.01
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etching a 18-µm-thick copper cladding (14 mL standard) off a 25.4-µm-thick Kapton® film by 
photolithography (American Standard Circuits, Inc). Both sets of electrodes have fixed outer diameter 
25.4 mm (1 inch), which was selected as a workable dimension for a hand-held probe, but have different 
gaps and other dimensions as listed in Table 1. The characteristic capacitance listed in Table 1 is the 
calculated free-space capacitance for each sensor. The gap between the two electrodes and the width of 
the outer electrode are relatively small values and strongly affect the sensor output capacitance. In order 
to measure these values very accurately, a Nikon EPIPHOT 200 microscope was used that is capable of 
achieving precision of ± 5 µm for good calibration and 50X magnification. The sensor inner electrode 
radius was measured using the “traveling microscope” method with accuracy ± 0.01 mm, due to its 
relative large dimension. It was found that the fabricated dimensions are the same as the nominal values 
under such measurement accuracy.   
Figure 2 a) shows the assembled capacitive probe, Figure 2 b) shows the concentric electrodes, and 
Figure 3 a) shows the components used to assemble the probe. They consist of the following: a Rogers 
RO4003® dielectric sensor substrate with thickness 0.31 ± 0.01 mm, on which concentric electrodes are 
supported; pins soldered to the electrodes; a BNC-to-receptacle adaptor that connects the pins to the 
BNC connector of an Agilent probe 16095A; and an Agilent LCR meter E4980A that displays the 
measured capacitance. The entire sensor structure is enclosed in a two-part acrylic tube. Assembled parts 
A and B are shown in Figure 2 a) with part B shown in detail in Figure 2 b). The acrylic tube was 
divided into two to facilitate calibration of the probe, i.e., removal of effects of the probe structure on 
measured capacitance. The two parts, which can be easily attached or detached, were connected together 
using plastic countersunk screws. 
 
Calibration Procedures 
 
An effective calibration procedure removes the effect on the measured capacitance of all influences 
apart from the desired transcapacitance of the sensor. By comparing the probe measurement setup in 
Figure 3 a) and the model used in numerical calculations (Figure 1 a)), it can be seen that parasitic 
capacitances that affect measurement results include: A) that from the cable connecting the LCR meter 
to the BNC connector on the Agilent probe, B) that from the BNC-to-receptacle adaptor, C) that from 
the two receptacles in which the two soldered pins on the sensor are inserted, and D) that from the two 
a)          b) "
Figure 2. Photograph of the assembled probe: (a) experiment setup used in probe lift-off 
measurements; (b) concentric capacitive sensor fabricated by photolithography. 
Figure 4.2 Photograph of the assembled probe: (a) experiment setup used in probe lift-off
measurements; (b) concentric capacitive sensor fabricated by photolithography.
Table 4.1 Dimens ons and calculated free-space capacitance for ensors A and B.
Inner electrode Outer electrode Gap between Characteristic
radius s (mm) width t (mm) the electrodes capacitance
g (mm) (pF)
Sensor A 10.67 ± 0.01 1.52 ± 0.01 0.518 ± 0.009 1.40
Sensor B 9.66 ± 0.01 1.527 ± 0.008 1.51 ± 0.01 0.99
mm, on which concentric elect odes are supported; pins soldered to the electrodes; a BNC-to-
receptacle daptor t at connects the pins to the BNC c nnector of an Agilent pr be 16095A;
and an Agilent LCR meter E4980A that displays the measured capacitance. The entire sensor
structure is enclosed in a two-part acrylic tube. Assembled parts A and B are shown in
Figure 4.2 a) with part B shown in detail in Figure 4.2 b). The acrylic tube was divided
into two to facilitate calibra ion of the probe, i.e., removal of ffects of the probe structure n
measured capacitance. The two parts, which can be easily attached or detached, were connected
together using plastic countersunk screws.
4.5 Calibration Procedures
An effective calibration procedure removes the effect on the measured capacitance of all
influences apart from the desired transcapacitance of the sensor. By comparing the probe
measurement setup in Figure 4.3 a) and the model used in numerical calculations (Figure 4.1
a)), it can be seen that parasitic capacitances that affect measurement results include: A) that
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pins themselves. The goal is to calibrate the whole system and take into account all the parasitic 
capacitances up to plane A shown in Figure 3.  
       Steps taken to remove the influences of parasitic capacitances are as follows. In the LCR meter 
measurement setup, the cable length option was set as 1 m. This setting automatically accounts for the 
parasitic capacitance A) due to the cable. In order to take into account parasitic capacitances from B) to 
D), open and short calibration steps are needed. Because the two pins D) are soldered to the electrodes, 
as shown in Figure 3 a), two identical pins were inserted into the receptacle ends during calibration, as 
indicated in Figure 3 b). Open and short calibrations were then performed on plane A according to the 
procedures provided in the LCR meter manual. All parasitic capacitances up to plane A in Figure 3 are 
accounted for after calibration. However, part B of the acrylic tube is not considered in this process, and 
will be accounted for by introducing an effective permittivity for the sensor substrate, as discussed 
below. 
 
Probe Characterization 
 
In previous work (Chen and Bowler, 2010), benchmark experiments measuring the transcapacitance of 
two concentric electrodes in contact with various large test-pieces showed agreement between 
experiment and theory of better than 4%. Similar experiments are performed here to assess the level of 
agreement between theory and experiment for the hand-held probes, which is expected to be poorer due 
to the hardware associated with the hand-held probe that is not modeled explicitly. In order to account 
for effects from part B of the acrylic tube, an effective permittivity for layer 1, Figure 1 a), was 
introduced. This effective permittivity was determined by placing the assembled probe in free space and 
measuring its capacitance. This measurement is considered in the numerical modeling as the case of a 
concentric capacitive sensor in surface contact with a one-layer dielectric (the sensor substrate) in free 
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measurements; (b) equipment used in probe calibration. Figure 4.3 Block diagrams of the assembled hand-held probes: (a) equipment used in capac-
itance measurements; (b) equipment used in probe calibration.
from the cable connecting the LCR meter to the BNC connector on the Agilent probe, B)
that from the BNC-to-receptacle adaptor, C) that from the two receptacles in which the two
soldered pins on the sensor are inserted, and D) that from the two pins themselves. The goal is
to calibrate the whole system and take into account all the parasitic capacitances up to plane
A shown in Figure 4.3.
Steps taken to remove the influences of parasitic capacitances are as follows. In the LCR
meter measurement setup, the cable length option was set as 1 m. This setting automatically
accounts for the parasitic capacitance A) due to the cable. In order to take into account
parasitic capacitances from B) to D), open and short calibration steps are needed. Because the
two pins D) are soldered to the electrodes, as shown in Figure 4.3 a), two identical pins were
inserted into the receptacle ends during calibration, as indicated in Figure 4.3 b). Open and
short calibrations were then performed on plane A according to the procedures provided in the
LCR meter manual. All parasitic capacitances up to plane A in Figure 4.3 are accounted for
after calibration. However, part B of the acrylic tube is not considered in this process, and will
be accounted for by introducing an effective permittivity for the sensor substrate, as discussed
below.
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4.6 Probe Characterization
In previous work (10), benchmark experiments measuring the transcapacitance of two con-
centric electrodes in contact with various large test-pieces showed agreement between experi-
ment and theory of better than 4%. Similar experiments are performed here to assess the level
of agreement between theory and experiment for the hand-held probes, which is expected to be
poorer due to the hardware associated with the hand-held probe that is not modeled explicitly.
In order to account for effects from part B of the acrylic tube, an effective permittivity for layer
1, Figure 4.1 a), was introduced. This effective permittivity was determined by placing the
assembled probe in free space and measuring its capacitance. This measurement is considered
in the numerical modeling as the case of a concentric capacitive sensor in surface contact with
a one-layer dielectric (the sensor substrate) in free space. By assigning the thickness of layer
1 to be that of the sensor substrate and then varying its permittivity, a calculated probe out-
put capacitance that agrees with the measured value to three significant figures was obtained.
This permittivity value was subsequently assigned to be the effective permittivity of the sensor
substrate with geometry shown in Figure 4.1 b). The effective sensor substrate permittivity
for sensor A was determined to be 3.47 while that for sensor B was determined to be 3.31, at
1 MHz and room temperature. The effective permittivity values for both sensor configurations
are greater than the substrate permittivity itself, 3.01 ± 0.05, due to the existence of the acrylic
tube part B (which has a relative permittivity of around 2.8). The effective permittivity of
the sensor substrate for sensor A is greater than that for sensor B, because of the fact that
sensor A has higher output capacitance values and influences from part B results in larger abso-
lute changes in the capacitance for sensor A. Consequently, its effective substrate permittivity,
which is inversely determined based on the output capacitance, is larger. These fitted sensor
substrate effective permittivity values were subsequently used as inputs in the numerical model
for the calculation of probe capacitances.
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4.7 Experiments on Laminar Structures
Measurements reported in this paper were performed at room temperature. The LCR meter
operating frequency was set at 1 MHz so that the measurement error from the LCR meter was
less than 0.3% for a 1 pF capacitance. At the same time, 1 MHz is low enough to be a good
approximation for the electrostatic assumption made in the numerical model. Samples used in
the benchmark experiments are one-, two- and three-layer test-pieces formed by combinations of
acrylic and glass plates with lateral dimensions 30 cm by 30 cm. A digital thickness indicator
with ± 1 µm accuracy was used to measure the plate thicknesses. The acrylic plates were
2.39 ± 0.02 mm thick and the glass plate was 3.02 ± 0.01 mm thick. A Novocontrol Alpha
Dielectric Spectrometer was used to provide an independent value of the dielectric constants of
the samples at 1 MHz, as inputs to the model. The dielectric constant of the glass sheet was
measured as 5.62 ± 0.05 and that of acrylic was 2.85 ± 0.05.
For all the measurements reported in this paper, the test-piece was supported 10 cm above a
wood-top working table to approximate the free space assumption in the calculation model. The
two probes with parameters listed in Table 4.1 were tested on five different laminar structures.
The hand-held probes were pressed tightly against the test-piece surface to eliminate any air gap
between the sensor substrate and the test-piece. As can be seen from Table 4.2, experimental
results agree with calculated results to within an average of 7% for sensor A and 9% for sensor
B. Notice that absolute differences in measured and calculated capacitance values for sensors
A and B are similar in magnitude, and the greater relative differences observed for sensor B
are due to the fact that its capacitance values are smaller.
The agreement between theory and experiment of within 10%, shown in Table 4.2, indicates
that the structure of the probe give rise to some loss of quantitative accuracy, compared to
the 4% agreement obtained in previous benchmark experiments for un-encased electrodes (10).
Further, the calibration process here is not perfect. For example, the electrical contact condition
between the receptacles and the two soldered pins is not identical to that between the receptacles
and the calibration pins. In addition, the soldered joints on the electrodes are not accounted
for in the calibration process.
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Table 4.2 Measured and calculated capacitance of hand-held probes in surface contact with
various test-pieces. Relative differences are compared to the calculated capaci-
tances. Uncertainty in measured C is 0.3%.
Calculated Measured Relative
C (pF) C (pF) difference (%)
Sensor A Sensor B Sensor A Sensor B Sensor A Sensor B
One-layer acrylic 2.75 1.83 2.58 ± 0.01 1.69 ± 0.01 -6.2 -7.7
One-layer glass 3.57 2.53 3.26 ± 0.01 2.28 ± 0.01 -8.7 -9.9
Two layer acrylic 2.93 2.03 2.73 ± 0.01 1.87 ± 0.01 -6.8 -7.9
over glass
Two layer glass 3.70 2.63 3.42 ± 0.01 2.37 ± 0.01 -7.6 -10.2
over acrylic
Three layer acry- 2.93 2.03 2.73 ± 0.01 1.87 ± 0.01 -6.8 -7.9
lic-glass-acrylic
Average -7.2 -8.7
4.8 Penetration Depth of Concentric Capacitive Sensors
In capacitive NDE, the penetration depth can be defined in terms of the sensor output
capacitance (4) and (16). Consider a concentric capacitive sensor in surface contact with a
one-layer dielectric slab with permittivity in free space (Figure 4.4 a)). The penetration depth
of a concentric coplanar capacitive sensor is here defined by identifying the one-layer test-piece
thickness T for which the capacitance is 10% smaller than its value when in contact with a
similar but infinitely thick test-piece. When this condition is satisfied, the sensor penetration
depth value is equal to the test-piece thickness T and is dependent on the permittivity of the
test-piece.
In other works, D3 is defined as the penetration depth of capacitive sensors. Here we choose
D10 because the absolute difference in capacitance will be less than 0.1 pF if the capacitance
is less than 3 pF and is adopted, and such small changes in capacitance are hard to measure
especially when noise is present.
Figure 4.4 b) shows the calculated sensor output capacitance as a function of the one-layer
test-piece thickness and permittivity for sensors A and B and test-pieces with r = 2 and 5.
It can be seen that, for a given test-piece permittivity, the sensor capacitance increases as the
test-piece thickness increases and asymptotically approaches a constant value as the thickness
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Figure 4.4 Penetration depth of concentric capacitive sensors: (a) cross-section view of a con-
centric capacitive sensor in surface contact with a one-layer dielectric in free space;
(b) calculated sensor output capacitance as a function of test-piece permittivity
and thickness, see (a); (c) calculated difference between the capacitance in (b) and
that of a similar but infinitely thick test-piece, equation (1).
becomes large. Further insight about the sensor penetration depth is provided in Figure 4.4 c),
in which the vertical axis is defined as
Difference% =
|C − C∞|
C∞
× 100 (4.1)
C is sensor capacitance for a particular test-piece slab and C∞ is that as the slab thickness tends
to infinity. Notice that the sensor output capacitance approaches at different rates depending
on sensor configuration and test-piece permittivity. For a given test-piece permittivity, sensor B
always has larger penetration depth than sensor A, because of its wider inter-electrode spacing.
This agrees with our intuition. It is also shown that, for a given sensor configuration, the sensor
penetration depth is larger for test-pieces with higher r values. Detailed explanation of this
point is given in the Appendix A.
Figures 4.5 a) and 4.5 b) show measured capacitance as a function of test-piece thickness,
for both stepped Delrin R© (r = 3.82) and stepped HDPE (r = 2.65) slabs. Figures 4.5
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c) and 4.5 d) show relative differences between the capacitance measured values and that
on the 18-mm-thick test-piece, which approximates a half-space. It can be seen that D10 of
both sensors is greater for the Delrin R© slab than that for the HDPE slab in accordance with
the predictions of Figure 4.4 b), and both sensors sensitivity to test-piece thickness starts to
decline as T increases. For a given test-piece, for sensor B is greater than for sensor A again
in accordance with predictions of Figure 4.4 c). Additionally, good agreement (to within an
average of 10%) between measured capacitances and numerical predictions is observed for test-
pieces with permittivities and thicknesses in the range 2.65 to 3.82 and 1.50 mm to 3.12 mm,
respectively.
In summary, for a given sensor configuration, sensor penetration depth increases as test-
piece permittivity increases. For a given test-piece material, sensors with wider inter-electrode
spacing have higher penetration depths but smaller output capacitances. Therefore, a trade-off
exists between sensor output signal and penetration depth.
4.9 Capacitance as a Function of Probe Lift-off
How do lift-off variations affect the measured probe capacitance and the accuracy of test-
piece permittivity values that may be derived from those measurements? The experimental
arrangement for measuring C as a function of lift-off from the test-piece is shown in Figure 4.2
a). The test-piece was adjusted to be horizontal using a level. The lift-off between the hand-
held probe and the test-piece was precisely controlled by pressing the probe tightly against
the test-piece with fixed-thickness plastic shims acting as spacers in between. These plastic
shims were then removed carefully, without moving the test-piece or the hand-held probe. This
procedure helps to ensure that the plane of the electrodes and the test-piece surface are in
parallel, avoiding probe tilt. The thickness of the plastic shims was measured using a digital
indicator and the resulting value considered to be the probe lift-off value.
The capacitance of the hand-held probes as a function of probe lift-off was measured, and
compared with numerical predictions. In the numerical calculations, the probe substrate was
again assigned the effective value derived from measurement of the free space probe capacitance,
and layer 2 in Figure 4.1 a) was assumed to be air with thickness equal to the lift-off value.
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Figure 4.5 Measured capacitance of hand-held probes as a function of test-piece thickness:
(a) stepped Delrin R© slab r = 3.82; (b) stepped HDPE slab r = 2.65; (c) and (d)
difference calculated according to equation (1) for Delrin R© and HDPE respectively,
assuming an 18-mm-thick test-piece to be an approximate half-space. Uncertainty
in measured C is 0.3%.
The average difference between measured and calculated values was 7%. The difference ∆C =
|Clift-off −Cair| is plotted in Figures 4.6 a) and 4.6 b) for measurements on PMMA and glass
slabs respectively, whose parameters are described earlier in the section discussing experiments
on laminar structures. Clift-off corresponds to the capacitance when there is a certain lift-off
value and Cair is the probe capacitance when sensor lift-off value tends to infinity, i.e., probe
in free space. Figures 4.6 a) and 4.6 b) provide useful information on how much variation to
expect in capacitance when the probe scans a rough test-pieces surface.
Test-piece permittivity values can be determined inversely from measured capacitance val-
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Figure 4.6 Measured and calculated differences in capacitance of hand-held probes as a func-
tion of lift-off: (a) sensor A; (b) sensor B; (c) and (d) permittivity determined for
PMMA and glass, respectively. Uncertainty in measured C is 0.3%.
ues using the model. The measured capacitances agree with the calculated ones the best when
lift-off is large; since these situations are closest to the calibration environment of the probes.
Figures 4.6 c) and 4.6 d) show the inversely determined permittivity values for the one-layered
PMMA and glass, respectively. It is seen that when lift-off values are relatively small, the
hand-held probes can characterize the test-piece material property fairly well. However, large
lift-off values can result in inaccuracy in the inversely determined material permittivity infor-
mation, even if the relative differences between the measured and calculated capacitances are
small. This is due to the fact that the hand-held probes are most sensitive to the region near
the sensor substrate. When the lift-off is large a slight difference in measured capacitance can
result in a large difference in the inversely determined test-piece permittivity.
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Table 4.3 Measured and calculated capacitance of hand-held probes in surface contact with
various test-pieces. Relative differences are compared to the calculated capaci-
tances. Uncertainty in measured C is 0.3%.
Hole Measured Relative Measured Relative
diam- capacitance difference capacitance difference
eter on air for air on wax for wax
(mm) filled holes (pF) filled holes (%) filled holes (pF) filled holes (%)
Sensor Sensor Sensor Sensor Sensor Sensor Sensor Sensor
A B A B A B A B
2.5 2.87 1.91 0.3 1.0 2.88 1.93 0.0 0.0
5.0 2.85 1.89 1.0 2.1 2.87 1.92 0.3 0.5
7.5 2.83 1.86 1.7 3.6 2.85 1.90 1.0 1.6
10.0 2.79 1.82 3.1 5.7 2.82 1.87 2.1 3.1
4.10 Detection of Embedded Inhomogeneities in Sandwich Structures
In some structures, such as radomes, it is important that the electrical properties do not
vary in an uncontrolled way. Imperfect repairs or damage followed by ingress of water can give
rise to inhomogeneities with electrical properties that contrast with their surroundings. Here
we investigate the ability of the capacitive probes to resolve inhomogeneities of various size and
permittivity embedded in a Delrin R© plate and in the core of a glassfiber-honeycomb-glassfiber
sandwich structure.
Two rows of holes of different diameters, 2.5, 5.0, 7.5, and 10 mm, were drilled in a 3.17-
mm-thick Delrin R© plate with permittivity r = 4.14. One row of holes was left empty while
the other was filled with Paraffin wax (r = 2.1) to form zones with different permittivity
contrasts. Table 4.3 lists the measured capacitances when the contrast zones are positioned
directly beneath the sensor gaps. It is seen that both probes were able to detect the air-filled
holes of all sizes, whereas both failed to detect the 2.5-mm-diameter wax filled holes, due to the
lower permittivity contrast between Delrin and wax (around 2) compared with that between
Delrin R© and air (around 4.1). On the other hand, because of its deeper penetration depth,
sensor B was found more capable of detecting embedded zones than sensor A; see relative
differences in Table 4.3.
In order to investigate the effectiveness of the hand-held probes in detecting inhomogeneities
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in sandwich structures, different amounts (1, 3, and 5 cc) of water and olive oil (r ≈ 78 and
3 at 1 MHz and room temperature, respectively) were injected into the honeycomb core of
a glassfiber-honeycomb-glassfiber structure (Figure 4.7). Olive oil is used as easily available
material to simulate the presence of, for example, excess resin (r ≈ 3) in the honeycomb or an
imperfect repair. Parameters of the sandwich panel are listed in Table 4.4. 1 cc of injected liquid
corresponds to 4 honeycomb cells with total surface area of 88 mm2, compared to the surface
area of sensors A and B which is of 507 mm2. Figures 4.8 a) to 4.8 d) show the capacitance
measured as the hand-held probes scan a line directly over the cells containing the contrast
agent. The measured probe signal strength is related to both the inhomogeneity permittivity
and size. In particular, for the cases in which the injected liquid areas are smaller than the inner
disc of the concentric sensor, two peaks in the output signal are observed for each measurement,
due to the sensor gaps on each side of the sensor responding to the inhomogeneity separately.
On the other hand, when the injected liquid area is greater than the inner electrode size, a
single peak in the measurement signal is observed due to both sides of the sensor being excited
simultaneously. As can be seen from Figure 4.8, the approximate size of the inhomogeneity
can be inferred from the shape of the measured signal and permittivity information can be
extracted from the signal magnitude.
In summary, the outstanding ability of the probes to detect low contrast zones smaller than
the sensors themselves has been demonstrated. For example, both sensors detected successfully
1 cc of olive oil (r ≈ 3) filling 4 cells in the honeycomb core of a laminar structure, indicating
their potential application in defect detection in aircraft radome sandwich structures.
Table 4.4 Properties of the glassfiber-honeycomb-glassfiber sandwich panel.
Parameter Valuel
Core thickness 7.62 mm
Skin thickness 0.254 mm
Cell volume 0.25 cc
Surface area of cell 22 mm2
Panel length and width 298.45 mm
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Figure 8. Capacitance measured as hand-held probes scan over glassfiber-honeycomb-glassfiber 
sandwich panels containing injected dielectric contrast agents water and olive oil: (a) sensor A and 
injected water; (b) sensor A and injected olive oil; (c) sensor B and injected water; (d) sensor B and 
injected olive oil. Uncertainty in measured C is 0.3%. 
Figure 4.7 Photograph of the sandwich panel with parameters listed in Table 4.4.
4.11 Conclusion
Two hand-held capacitive probes with different target penetration depths have been built
and tested. Following a calibration procedure that accounts for stray capacitances and the
presence of the probe casing, which is not accounted for explicitly in the accompanying model,
agreement to within 10% between measured and calculated capacitances has been demonstrated
for experiments on laminar structures. The penetration depth of concentric capacitive sensors
has been defined and studied both numerically and experimentally. For a given electrode con-
figuration, the sensor penetration depth increases as test-piece permittivity increases. For a
given test-piece, sensors with wider electrode spacing have larger penetration depths but lower
capacitance values. The hand-held probes sensitivity to lift-off variations has been assessed nu-
merically and experimentally. In order to acquire inversely determined material permittivities
close to the actual values, small lift-off values are desirable because such measurement setups
give rise to the best signal strength. This suggests that, if the probe is to be used for quantita-
tive permittivity measurement, then calibration on a known test sample may be preferable to
calibration in air. The outstanding capability of the hand-held sensors in detecting relatively
small contrast zones in one-layered and multi-layered structures has been demonstrated exper-
imentally, e.g., 1 cc olive oil injection in glassfiber sandwich panel was successfully detected.
The hand-held probes discussed here were built using readily available materials and com-
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Figure 4.8 Capacitance measured as hand-held probes scan over glassfiber-honeycomb-glass-
fiber sandwich panels containing injected dielectric contrast agents water and olive
oil: (a) sensor A and injected water; (b) sensor A and injected olive oil; (c) sensor
B and injected water; (d) sensor B and injected olive oil. Uncertainty in measured
C is 0.3%.
ponents. In the future, some refinements can be made to the probe assembly in order to
improve the agreement between measurement results and numerical calculations. For example,
the probe test fixture and the BNC to receptacle adaptor can be replaced by a combined lead
and sensor, thereby reducing parasitic capacitance. Additionally, the lead and sensor can be
enclosed in a more compact rigid case that has fewer effects on the sensor signal.
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CHAPTER 5. INTERDIGITAL SPIRAL AND CONCENTRIC
CAPACITIVE SENSORS FOR MATERIALS EVALUATION
A paper submitted to the IEEE Sensors Journal
Tianming Chen and Nicola Bowler
5.1 Abstract
This paper describes the development of two circular coplanar interdigital sensors with i)
a spiral interdigital configuration and ii) a concentric interdigital configuration for the nonde-
structive evaluation of multilayered dielectric structures. A numerical model accounting for
sensor geometry, test-piece geometry and real permittivity, and metal electrode thickness has
been developed to calculate the capacitance of the sensors when in contact with a planar test-
piece comprising up to four layers. The validity of the numerical model has been demonstrated
by good agreement (to within 5%) between numerical predictions and benchmark experiment
results. Compared with a two-electrode coplanar capacitive sensor developed previously, the
interdigital configurations were found to have higher signal strength and signal-to-noise ra-
tio, better accuracy in materials characterization, and higher sensitivity in detecting surface
flaws when prior knowledge of approximate flaw size is available. On the other hand, the two
electrode sensor shows a deeper penetration depth, less susceptibility to lift-off variations and
better sensitivity in detecting internal flaws in sandwich structures.
5.2 Introduction
Interdigital sensors are one kind of one-sided capacitive sensors that characterize materials
dielectric and/or geometrical properties through impedance measurements. One obvious ad-
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vantage of the interdigital sensors, compared to other coplanar capacitive sensors (1), is that
the sensor signal strength is greatly increased. This is achieved by enhancing the interaction
between the oppositely-charged electrodes. An historical perspective of interdigital sensors,
modeling and fabrication techniques and their applications are presented in the review paper
(2).
The most commonly used interdigital sensors are periodic structures consisting of parallel
microstrips (2). Applications of these sensors range from moisture content sensing to food
inspection. For applications in moisture content estimation, test-pieces of different moisture
contents possess different dielectric properties, which give rise to different measured sensor re-
sponses. Such responses can be capacitance, resistance, or both. In (3), interdigital sensors
have been applied to measure moisture concentration in paper pulp with high sensitivity and
repeatability. Measurements of water content in the human skin using interdigital sensors is
another example based on the same principle (4). Interdigital sensors have also been used
as humidity sensors (5). In this application, the sensor substrate is selected in such a way
that their materials properties change as they uptake water vapor from the surrounding envi-
ronment. Such changes result in variations in the measured sensor impedance, which signals
changes in the ambient humidity. Interdigital sensors have also been used for chemical sensing
purposes. Examples include detection of nitrates and contamination in natural water sources
(6), and determination of hydrogen gas concentration (7). Food inspection using interdigital
sensors is another recent rising application. The feasibility of utilizing interdigital sensors for
the estimation of fat in meat has been demonstrated in (8). A micro-impedance biosensor, hav-
ing the interdigital electrode configuration, has been successfully utilized for bacteria detection
by immersing the surface-insulated biosensor in the testing solution (9). Another interdigital
sensor based sensing system that is capable of detecting marine toxins in mussel meat has been
reported in (10). Cylindrical interdigital sensors that conforms to the curvature of cylindrical
test-pieces have been designed and modeled in (11). The electrodes of these sensors have to be
either periodic along the φ- or z-directions. These two cylindrical sensor configurations have
been applied for dielectrometry measurements of moisture diffusion and temperature dynamics
in oil impregnated paper insulated electric power cables (11). In addition to the planar, rect-
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angular and cylindrical electrode configurations, quarter-circular interdigital sensors have been
presented in (12), to improve the sensors’ ability to detect flaws of various orientations with
respect to the electrode axis.
Also independent of orientation, simple two-electrode concentric capacitive sensors, Fig-
ure 5.1 a), have been developed previously to meet the need for quantitative nondestructive
evaluation of low-conductivity structures (13). Numerical modeling of the simple concentric
capacitors has been reported in (13) (based on a spatial domain approach) and (14) (based
on a spectral domain approach). The validity of both models was verified by benchmark ex-
periments in which very good agreement (to within 4%) between the numerical predictions
and experimental results was obtained. The numerical models allow for inverse determination
of dielectric constant or thickness of one layer in a multilayered dielectric structure, based on
measured capacitance. A handheld capacitive probe has been developed based on the simple
two-electrode sensor configuration and applied for characterization of multilayered structures
(15). The capacitive probe was found capable of detecting inhomogeneities of low permittivity
contrast (approximate permittivity ratio of 3) with the surroundings in multilayered materials.
One obvious advantage of the simple two-electrode sensor configuration, shown in Figure 5.1
a), is the ability to model it accurately, thereby achieving accurate quantitative information
in materials characterization. On the other hand, the regions of the sensor that contribute
most to the sensor capacitance are the outer edge of the inner electrode and the inner edge
of the outer electrode, where the surface charge density is greatest (13). This results in a low
capacitance of the sensor of around 2 pF for a sensor with 25 mm diameter. The fact that these
interaction areas are only a small fraction of the total sensor surface area, however, suggests
that the sensor output capacitance can be increased for a sensor of a given size by interdigitat-
ing the electrodes. For this reason, in order to achieve higher signal strength and to improve
signal-to-noise ratio while still retaining rotational symmetry, interdigital spiral and concentric
interdigital sensors with increased interaction area to sensor surface area have been conceived
and are shown schematically in Figures 5.2 and 5.3. This paper is concerned with the design,
fabrication and testing of these sensors and is organized as follows. In Section 3, a numerical
model that characterizes the interdigital spiral and concentric sensors is described. Numerical
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comparisons of the performances between the interdigital configurations and the two-electrode
configuration are made in Section 4, in terms of sensor sensitivity in materials characterization,
penetration depth and susceptibility to lift-off variations. Experimental verification of the nu-
merical modeling has been performed and very good agreement between numerical predictions
and measurement results is observed (to within 3.4% on average), Section 5. Experimental
comparisons between the interdigital and the simple two-electrode configurations also show
that the two-electrode configuration is better at detecting buried inhomogeneities in sandwich
structures, whereas the interdigital configurations exhibit superior performance in detecting
surface flaws.
5.3 Sensor Configuration
Figure 5.2 shows the interdigital spiral sensor configuration. This configuration is referred
to as the ‘spiral sensor’ in the rest of this paper. The two sensor electrodes can have different
numbers of turns, N1 and N2, where |N1 − N2| ≤ 1, and the inter-electrode spacing is fixed.
Note that each turn of the spiral is formed by two semi-circles each with a fixed radius, see
the subfigure in Figure 5.2. The two electrodes are connected to two patch contacts via two
leads. The capacitance between the two coplanar spiral electrodes can be measured by placing
a probe of an impedance measurement instrument across the two contacts.
Figure 5.3 shows the configuration of an interdigital concentric sensor. This configuration
is referred to as the ‘concentric sensor’ in the following. The two oppositely charged electrodes
of the sensor, each consist of a straight track and a number of circular fingers connected to the
track. The number of fingers, N1 or N2, on each electrode may be different depending on the
sensor configuration and again, are connected to two square contacts to facilitate capacitance
measurements
As can be seen from Figures 5.2 and 5.3, each electrode (finger) of the spiral and concentric
sensors interacts with its neighboring electrodes (fingers) on both sides, except the innermost
and outermost electrodes (fingers). Compared to the two-electrode configuration shown in
Figure 5.1 b), the interaction area to sensor surface area ratio of the circular interdigital sensors
has been increased substantially.
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Figure 5.1 a) Simple two-electrode concentric capacitive sensor. The radius of the inner ra-
dius is denoted s0, the width of the outer electrode t0, and the gap between the two
electrodes g0. b) Numerical modeling of the circular interdigital sensors with diam-
eter D. The width of each annular ring is denoted w, the gap between neighboring
rings g, and the radius of the inner most ring s.
5.4 Modeling
Numerical modeling of the spiral and concentric sensors is composed of two steps that
depend on the geometry of the electrodes. A first order approximation using the concentric
ring model shown in Figure 5.1 b) is the same for both sensors. A second order correction to
account for the ways in which the spiral and the concentric configurations differ from concentric
rings is then applied.
5.4.1 First Order Approximation: the Concentric Annular Ring Model
In Figure 5.1 a), both of the circular interdigital sensors are modeled as a number of
concentric annular rings: N1 annular rings of the same color in Figure 5.1 a) are charged to the
same potential to form one electrode, while the other N2 rings form the other oppositely charged
electrode. This concentric annular ring configuration is a reasonable first order approximation of
the spiral and the concentric sensors because of the following facts. For the spiral configuration,
the sensor is actually formed by two groups of concentric semi-annular rings of different s (s1
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Spiral electrodes
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Figure 5.2 Schematic diagram of an interdigital spiral capacitive sensor. Subfigure: each turn
of the spiral is comprised of two semi-circles.
!
Interdigital electrodes
Patch 
contacts
Figure 5.3 Schematic diagram of an interdigital concentric sensor.
and s2) but identical w and g (see Figures 5.2 and 5.1 a)). It has been demonstrated in (13)
that the capacitance Ccon of concentric sensors is a linear function of s for fixed g and w, i.e.,
Ccon = ks where k is the slope determined solely by the test-piece material property. Therefore,
the capacitance of the spiral sensor can be expressed as
Cspiral =
1
2
Ccon1 +
1
2
Ccon2 =
1
2
ks1 +
1
2
ks2 = k
s1 + s2
2
. (5.1)
In other words, one spiral loop formed from two consecutive half circles can be modeled equiv-
alently as s = (si + si+1)/2. As for the concentric configuration, capacitance resulting from
the discontinuity of the circular fingers and the existence of the two straight leads is relatively
small compared to the capacitance resulting from the rest of the sensor, which means that each
interdigital loop can be modeled by one full circular loop, as a first approximation.
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Figure 5.4 a) Numerical modeling of the circular interdigital sensors. The sensor is sand-
wiched by two layered half-space dielectrics. b) A point charge sandwiched by the
same layered half-space dielectrics. In the experiments described later, medium
1 represents free space, medium 2 represents the sensor substrate, and the sensor
electrodes lie in the interface between media 2 and 3. Media 3 and 4 represent
the test-piece, except in the case of the lift-off measurements, in which medium 3
represents the lift-off and medium 4 represents the test-piece.
Numerical modeling of the interdigital sensors is performed in the electroquasistatic regime,
i.e., the wavelength is much greater than the dimension of the problem of interest. Figure 5.4
a) shows the sensor and test-piece configuration used in the modeling. The infinitesimally
thin electrodes are sandwiched by two layered-half-space dielectrics. The dielectric materials
are assumed to be homogeneous and infinite in the horizontal directions. Media 1 and 4
in Figure 5.4 a) are infinitely thick while the thicknesses of media 2 and 3 are T2 and T3,
respectively. The modeling procedures for the circular interdigital sensors are the same as
those adopted in (13). A numerical method (the method of moments) is used to calculate
the sensor capacitance. As a first step, the Green’s function due to a point charge has to be
derived. This Green’s function will be employed to set up integral equations that eventually
will be solved for the sensor capacitance. Figure 5.4 b) shows a point charge placed at the origin
and sandwiched by the two layered-half-space dielectrics. The resulting electrostatic potential
Ψ, at an observation point (ρ, φ, z), satisfies the Laplace equation in cylindrical coordinates:
(
∂2
∂ρ2
+
1
ρ
∂
∂ρ
+
∂2
∂z2
)
Ψi(ρ, z) =
1
2piρ
δ(ρ)δ(z) i = 1, 2, 3, 4, (5.2)
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where i corresponds to media 1 through 4 and δ(x) is the Dirac delta function. Ψ(ρ, z) is
independent of the azimuthal angle φ due to the cylindrical symmetry of this problem. (2.1)
is a partial differential equation. In order to reduce it to an ordinary differential equation
and facilitate the process of solving for Ψ(ρ, z), the Hankel transform f˜(κ) of zero-order of a
function f(ρ)
f˜(κ) =
∫ ∞
0
f(ρ)J0(κρ)ρ dρ (5.3)
is applied to (5.2), where J0(κρ) is the Bessel function of the first kind of order zero. Making
use of the following identity (16)
∫ ∞
0
[(
∂2
∂ρ2
+
1
ρ
∂
∂ρ
)
f(ρ)
]
J0(κρ)ρ dρ = −κ2f˜(κ), (5.4)
where f(ρ) is assumed to be such that the terms ρJ0(κρ)∂f(ρ)/∂ρ and ρf(ρ)∂J0(κρ)/∂ρ vanish
at both limits, the spatial domain Laplace equation (5.2) is then transformed into a one-
dimensional Helmholtz equation in the transformed domain:(
∂2
∂z2
− κ2
)
Ψ˜i(κ, z) =
1
2pi
δ(z) i = 1, 2, 3, 4, (5.5)
where for κ the root with positive real part is taken. The Green’s function Ψ˜i(κ, z) in the
transformed domain will be derived first, and will be transformed back to the spatial domain
through the inverse Hankel transform to find the expression for Ψi(ρ, z).
The general solutions for the potentials in (5.5) in each medium can be expressed as
Ψ˜i(κ, z) = Ai(κ)e−κz +Bi(κ)eκz, zi < z ≤ zi−1, (5.6)
where z0 →∞, z1 = T2, z2 = 0, z3 = −T3 and z4 → −∞. The coefficients B1(κ) = A4(κ) = 0
due to the fact that the potential at infinity vanishes. To solve for the remaining six coefficients,
the interface conditions for the electric fields
zˆ · (Ei −Ei+1) = 0 and zˆ · (Di −Di+1) = 0, i = 1, 3 (5.7)
zˆ · (E2 −E3) = 0 and zˆ · (D2 −D3) = ρs (5.8)
are introduced, where ρs = δ(ρ)/2piρ is the surface charge density in the plane z = 0. The
electric field E and the potential Ψ are related by E = −∇Ψ. The interface conditions (5.7)
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and (5.8) can be further expressed in terms of the potential in the transformed domain by
applying the Hankel transform
Ψ˜i(κ, zi) = Ψ˜i+1(κ, zi), i
∂Ψ˜i(κ, zi)
∂z
= i+1
∂Ψ˜i+1(κ, zi)
∂z
, (5.9)
Ψ˜2(κ, 0) = Ψ˜3(κ, 0), −2∂Ψ˜2(κ, 0)
∂z
+ 3
∂Ψ˜3(κ, 0)
∂z
=
1
2pi
, (5.10)
where i = 1, 3 and i represents the relative permittivity of each layer. The potential distri-
bution in the transformed domain can therefore be solved by substituting (5.6) into (5.9) and
(5.10). It is worth pointing out that only Ψ˜3(κ, 0) will be needed in the following to obtain the
sensor capacitance, because the electrodes lie in the plane z = 0. The potential in the spatial
domain Ψ3(ρ, 0) is obtained by applying the inverse Hankel transform to Ψ˜3(κ, 0). To express
the potential Ψ3(ρ, φ, 0|ρ′, φ′, 0) at an observation point r′ = (ρ, φ, 0) due to a point charge at
r = (ρ′, φ′, 0), simply replace ρ by |r− r′| in Ψ3(ρ, 0):
Ψ3(ρ, φ, 0|ρ′, φ′, 0) = 12pi(2 + 3)
∞∑
m=0
∞∑
n=0
(−1)nαnKmn(γ, β)
×
{
1√|r− r′|2 + 4(nh1 +mh2)2
− γ√|r− r′|2 + 4[nh1 + (m+ 1)h2]2
+
α√|r− r′|2 + 4[(n+ 1)h1 +mh2]2
− αγ√|r− r′|2 + 4[(n+ 1)h1 + (m+ 1)h2]2
}
(5.11)
where
|r− r′|2 = ρ2 + ρ′2 − 2ρρ′ cos(φ− φ′) (5.12)
Kmn(γ, β) =
min(m,n)∑
r=0
(−1)m−r (m+ n− r)!
r!(m− r)!(n− r)!γ
mβm+n−2r (5.13)
α = (2 − 1)/(2 + 1), β = (3 − 3)/(3 + 2) and γ = (4 − 3)/(4 + 3).
This completes the derivation of the potential Green’s function. Steps to calculate the sensor
capacitance using the Green’s function are the same as in (13) and will only be summarized here:
i) the Green’s function (5.11) is utilized to set up an integral equation that relates the prescribed
potentials on the interdigital electrodes to the unknown surface charge distribution on the
electrodes; ii) the integral equation in i) is discretized into a matrix equation, from which the
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Figure 5.5 End corrections made to the concentric sensor configuration shown in Figure 5.3.
Tracks of similar color are charged to the same potential.
unknown surface charge distribution is solved; iii) after finding the surface charge distribution,
the total charge Q on each electrode is obtained. The capacitance of the interdigital sensor is
computed from C = Q/V , where V is the potential difference between the two electrodes.
5.4.2 Second Order Approximation: End Corrections and Compensation for Fi-
nite Electrode Thickness
To improve the first order approximation in the modeling of the sensor configuration, shown
in Figure 5.1 b), end corrections have been made to both the spiral and the concentric sensors.
This second order approximation takes into account the difference between the actual sensor
configurations and the concentric annular ring model. The end correction for the spiral config-
uration is more straightforward: the total capacitance C0 is obtained by adding the capacitance
due to the two square contacts Ccontacts to Ca as
C0 = Ca + Ccontacts, (5.14)
where Ccontacts is computed using the method of moments in the same manner as described in
Section 5.4.1.
As shown in Figure 5.5, the capacitance for the concentric sensor in Figure 5.3, denoted C0,
is computed as
C0 = Ca − Cb + Cc, (5.15)
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where Ca is calculated from Figure 5.1 a), Cb and Cc are the capacitance due to parts b)
and c) in Figure 5.5, respectively. Cb is the capacitance ‘lost’ when parts of the rings are
removed to insert the parallel tracks, whereas Cc adds the capacitance of those tracks and
surrounding structure. The parallel rectangular electrode structure b) is used to approximate
the structure within the dashed box in a), a reasonable approximation considering the length
l is small compared to the circumference of the circles. Cb is calculated using the analytical
model described in (18), whereas Cc is computed using the method of moments in the same
manner as described in Section 5.4.1.
For cases when the thickness of the electrodes are not negligible compared to their width,
stray capacitance resulting from fringing fields will contribute to the total sensor capacitance.
To account for the existence of this stray capacitance, compensation for the finite electrode
thickness are made in the model: instead of using the actual electrode width w for the circular
interdigital sensors (Figure 5.1 a)), an effective electrode width w + 2∆ is adopted (17), with
∆ =
t
2pie
[
1 + ln
(
8piw
t
)]
, (5.16)
where t is the thickness of the rings and e is the average permittivity of the two layers in
contact with the rings (media 2 and 3 in Fig. 5.4 a)). The effective gap between neighboring
rings now becomes g − 2∆, while the total dimension of the interdigital sensors is unchanged.
This approximation was proven to work well in many cases and has been adopted in modeling
coplanar capacitive sensors composed of parallel microstrips (17). The effectiveness of using
(5.16) to compensate for the finite electrode thickness of circular interdigital sensors is further
demonstrated by benchmark experiments presented in Section 5.6.1.
5.5 Numerical Examples
The purpose of numerical calculations presented in this section are to study the effect of
sensor geometry on the performance of circular interdigital sensors. Comparisons have also been
made between the circular interdigital sensors and the simple two electrode sensors, in terms
of sensor sensitivity, penetration depth and susceptibility to lift-off effects. The interdigital
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sensors studied in this section have equal number of oppositely charged annular rings, i.e.,
N1 = N2 = N in Figure 5.1 a). In this section, Ca alone is computed and second order
contributions to C are neglected.
5.5.1 Sensor Sensitivity and Accuracy in Materials Characterization
Figure 5.6 shows the capacitance of circular interdigital sensors as a function of the substrate
relative permittivity and the sensor geometry. The sensors are in surface contact with a one-
layer dielectric substrate in free space (1 = 2 = 4 = 0 in Figure 5.4 a)). The capacitance
of the interdigital sensors is also compared to that of a simple two-electrode sensor. All the
sensors in Figure 5.6 have a fixed diameter of 25.4 mm except for the top line. It is found that
the sensor capacitance, C, of all configurations is a linear function of the substrate permittivity.
The sensor sensitivity k, defined as the slope of each line, is also observed to be greater for
the interdigital sensors than for the two-electrode configuration. On the one hand, for fixed g
and w, the sensitivity of the interdigital sensors increases as the number of annular rings N
increases. On the other hand, for interdigital sensors with fixed sensor diameter, k increases
as w and g decrease (smaller w and/or g means larger N for fixed D). The influence of g
is found to be more significant than that of w. This is because smaller g allows for more
interaction between the neighboring oppositely charged electrodes, and therefore improves the
sensor sensitivity.
The sensor sensitivity discussed in Figure 5.6 plays an important role in inferring test-piece
permittivity from measured capacitance. As can be seen from Figure 5.6, uncertainty in the
measured capacitance ∆C is related to the uncertainty of inferred test-piece permittivity ∆r
as: ∆C = k∆r. This relationship shows that, for sensors with sensitivity greater than 1, the
uncertainty in the inferred test-piece permittivity will be smaller than the uncertainty in the
measured capacitance, and vice versa. For instance, the sensitivity of the top line in Figure 5.6
k = 2.31, whereas k = 0.47 for the bottom line (two-electrode configuration). Assume ∆C =
± 0.01 pF in the capacitance measurements, the uncertainties in the inferred permittivity for
the top and bottom lines are ∆r = ± 0.004 and ± 0.02, respectively. In this comparison, the
∆r when using the interdigital sensor is only 1/5 of that when using the two-electrode sensor.
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Figure 5.6 Sensor capacitance as a function of substrate permittivity 3 in Figure 5.4 a).
All the sensor configurations have fixed starting radius s = 1.02 mm and diameter
D = 25.4 mm, except for the one corresponding to the top line, for whichD = 41.66
mm (see Figure 5.1 a)). The dimensions for the two-electrode configuration are
s0 = 10.67 mm, g0 = 0.51 mm and t0 = 1.52 mm (see Figure 5.1 a)).
Figure 5.6 shows that the interdigital configuration provides larger sensor sensitivity and better
accuracy in materials permittivity characterization.
5.5.2 Penetration depth
Figure 5.7 shows the penetration depth of circular interdigital sensors as a function of test-
piece permittivity and sensor geometry. The sensors are in surface contact with a one-layer
dielectric slab as for Figure 5.6. The sensor penetration depth T10 is defined by identifying the
one-layer test-piece thickness T for which the capacitance is 10% smaller than its value when
in contact with a similar but infinitely thick test-piece (15). The vertical axes of Figures 5.7
and 5.8 are defined as
Difference% =
|C − C∞|
C∞
× 100%, (5.17)
where C is the sensor capacitance for a particular test-piece slab and C∞ is that as the slab
thickness tends to infinity. Hence T10 is defined T10 = T at Difference% = 10%. It is worth
pointing out that one can select other values for Difference% besides 10%. A rule to select the
Difference% is to ensure the absolute difference in capacitance is large enough to be measured by
the instrument. As can be seen from Figure 5.7, the sensor penetration depth increases as the
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Figure 5.7 Penetration depth of circular interdigital sensors as a function of test-piece permit-
tivity and sensor geometry. N = 6 and s = 1.02 mm for all the sensors. Dashed
lines show the corresponding penetration depth for each sensor.
test-piece permittivity increases, for given electrode configurations. Mathematical explanations
of this behavior can be found in (15). The penetration depth of interdigital sensors is also found
to increase as g increases. This is because larger inter-electrode spacing allows for more fields
to penetrate into the dielectric materials. Changes in the electrode width w, however, have
less impact on the sensor penetration depth. Note that it is found numerically that the sensor
penetration depth is independent of the number of electrodes N .
A similar relationship between the penetration depth and test-piece permittivity is observed
for the two-electrode configuration, Figure 5.8. In addition, the sensor penetration depth in-
creases as g0 increases, but is insensitive to changes in s0 and t0. It can be seen from Figures 5.7
and 5.8 that T10 of the two-electrode configurations are greater than that of the interdigital
configurations, for equivalent inter-electrode spacing dimensions g. Specifically, T10 is greater
than g0 for the two-electrode configuration, but smaller than g for the interdigital design. Com-
parisons between Figures 5.7 and 5.8 demonstrate that the two-electrode configuration is more
capable of detecting subsurface flaws.
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Figure 5.8 Penetration depth of simple two-electrode sensors as a function of test-piece per-
mittivity and sensor geometry. The electrode configurations are s0 = 10.67 mm,
g0 = 0.51 mm and t0 = 1.52 mm except where indicated. The sensors are in
surface contact with the same dielectric slab as in Figure 5.7.
5.5.3 Susceptibility to Lift-off Variations
Figure 5.9 shows the comparison of the sensors’ susceptibility to lift-off variations. In the
calculations, 2 = 4 = 1 and 3 = 3.34. T3 = 0.31 mm and T2 varies as lift-off. The dimension
of the simple two-electrode sensor is as for Figure 5.8. The vertical axis of Figure 5.9 is defined
as the relative change in sensor capacitance with respect to C0, in which C0 is the capacitance
when the lift-off is zero. The interdigital configuration with w = g = 0.51 mm has the same
diameter, 25.4 mm, as the two-electrode configuration. It is observed that the relative change
in C for the interdigital configurations shown in Figure 5.9 is at least twice that for the two-
electrode configuration for any particular value of lift-off. The number of electrodes/rings N for
the interdigital sensors has a negligible effect on the sensors’ susceptibility to lift-off variations.
Comparisons in Figure 5.9 demonstrate that the simple two-electrode configuration has the
advantage of being less susceptible to lift-off variations than the interdigital sensors. This is an
important feature during practical inspections. Figure 5.9 also shows how much variations to
expect in capacitance when the sensors scan over a rough test-piece surface.
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5.6 Experiment
Spiral and concentric sensors of different dimensions have been fabricated using photolithog-
raphy (14 mL standard copper deposition). The electrode thickness is 18 µm under this copper
deposition standard. Thickness compensations and end corrections, as described in Section 4.
B, are included in the numerical modeling for the interdigital sensors in this section. The fab-
rication process is as described in (13). The sensors are deposited on a one-layer 0.31-mm-thick
RO4003 R© substrate with measured permittivity r = 3.34 ± 0.05 at 1 MHz and room temper-
ature. The fabrication tolerance of the photolithography process is ± 13 µm. The substrate
thickness was measured using a digital caliper with uncertainty of ± 0.01 mm. The permittivity
of the substrate was measured using a Novocontrol Alpha Dielectric Spectrometer.
Table 5.1 shows the dimensions of the fabricated spiral and concentric sensors. For the
spiral sensors, the nominal values of the electrode width and the inter-electrode spacing are
100 µm. The inner radius of the innermost spiral is 100 µm. The two square contacts have
area 1 mm2 and are 1 mm apart. The separation between the outermost spiral and the two
contacts is also 1 mm. For the concentric sensor configuration, the width of each circular finger
and the spacing between neighboring fingers are both 100 µm. Similarly, the straight tracks
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Table 5.1 Dimensions of the fabricated spiral/concentric sensors. *For the large concentric
configuration, the two electrodes have N1 = 31 and N2 = 30 fingers, respectively.
Size of spiral Number of turns Spiral sensor Concentric sensor
(concentric) (fingers) on each diameter D diameter D
sensors electrode (mm) ± 0.01 (mm) ± 0.01
Small 12 9.9 10.0
Medium 18 14.7 14.8
Large 31* 25.1 24.8
are 100 µm wide and 100 µm apart. The inner radius of the innermost finger, and the gap
between the end of the circular fingers and the oppositely charged lead are also 100 µm. The
size of the square contacts is as for the spiral sensors. Separations between the two square
contacts are 100 µm and 1 mm for the concentric and spiral configurations, respectively. A
Nikon EPIPHOT 200 microscope was used to verify the dimensions of the fabricated sensors,
for which the measurement precision is ± 3 µm with good calibration and 100X magnification.
It was found that variation in the fabricated sensor dimensions is within ± 15 µm of the nominal
values.
5.6.1 Benchmark Experiments
Benchmark experiments were carried out to verify the effectiveness of the modeling process.
An Agilent E4980A precision LCR meter was connected to an Agilent probe test fixture 16095A
to measure the sensor capacitance, by placing the two pins of the probe across the square
contacts of the interdigital sensors. Capacitance measurements were performed at 1 MHz and
room temperature. The measurement frequency was selected to achieve the best measurement
accuracy, while at the same time satisfying the electroquasistatic assumption made in the
modeling process. The LCR meter measurement accuracy is between 0.1% and 0.3% for a
capacitance between 2 and 105 pF under the above measurement conditions. The measurement
procedures adopted in this paper are the same as those in (13), where a detailed description of
the measurement setup can be found.
Table 5.2 shows the comparison between the calculated and measured capacitance for iso-
lated interdigital sensors (no test-piece). The sensors were modeled by assigning 1 = 2 = 4 =
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0, 3 = 3.34 and T3 = 0.31 mm. Measurement results and numerical predictions agree to within
an average of 3.3%. This demonstrates that the modeling process in Section 4 can characterize
effectively the behavior of the spiral and the concentric sensors. The measured and calculated
capacitance of a two-electrode sensor is also included in Table II. This sensor was fabricated
using the same photolithography process, although in this case the electrodes were deposited
on a 25.4-µm-thick Kapton R© film and the sensor was then placed in tight surface contact with
the RO4003 R© substrate and the capacitance measured. The parameters of the two-electrode
sensor are as for Figure 5.8. The Kapton R© film is effectively negligible because of the fact that
it exhibits no unusual dielectric properties (r = 3.4 at 1 MHz and room temperature) and its
thickness is much smaller than the test-pieces studied here.
The large spiral and concentric sensors mentioned in Table 5.2 are similar in size to the
two-electrode sensor, while the measured capacitances are 27 times higher. On the other hand,
even though the diameters of the small- and medium-sized spiral/concentric sensors are smaller
than that of the two-electrode sensor, the measured capacitances are still much higher. Note
that the variation in measured capacitance, or the noise, in Table II is between ± 0.01 and ±
0.03 pF for all the sensor configurations. If one defines the signal-to-noise ratio (SNR) for the
capacitive sensors as the ratio of measured capacitance to its variations, the SNR of the large
spiral and concentric sensors is approximately 2850 and 1825, respectively. In contrast, the
SNR of the two-electrode sensor is approximately 200. The SNR of the large spiral/concentric
sensors is 9 to 14 times that of the two-electrode configuration. The interdigital sensor design
obviously gives rise to not only enhanced signal strength but also enhanced signal-to-noise ratio.
5.6.2 Inverse Determination of Test-piece Permittivity Based on Measured Ca-
pacitance
The test-pieces used in this subsection were an Acrylic slab (r = 2.85 ± 0.05, 30 cm ×
30 cm and thickness 2.39 ± 0.02 mm) and a glass sheet (r = 5.62 ± 0.05, 30 cm × 30 cm
and thickness 3.02± 0.01 mm). The sample permittivities were measured using a Novocontrol
Alpha Dielectric Spectrometer at 1 MHz and room temperature. Each test-piece was placed in
contact with the electrodes in such a way that the electrodes were sandwiched between their
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Table 5.2 Comparison between measured and calculated capacitance for the isolated interdig-
ital/two-electrode sensors. S: small, M: medium and L: large. The parameters of
the two-electrode sensor are as for Figure 5.8.
Sensor Measured C Calculated C Relative
configuration (pF) (pF) difference (%)
Spiral S 8.86± 0.01 8.65 -2.4
Spiral M 19.40± 0.02 18.88 -2.7
Spiral L 56.94± 0.02 54.65 -4.0
Concentric S 9.07± 0.01 8.63 -4.9
Concentric M 19.22± 0.02 18.83 -2.0
Concentric L 54.74± 0.03 52.78 -3.6
Two-electrode 2.02± 0.01 2.08 -2.8
substrate and the test-piece. In the measurements, the square contacts were not covered by the
test-piece in order to allow electrical contact with the probes to be made. In the corrections for
the square contacts, only the sensor substrate is considered. Pressure was applied to the test-
piece and the sensor substrate to minimize the air-gap between the test-piece and the sensor
electrodes. It was found that measurement results and numerical predictions agreed to within
2.5% for the Acrylic sample and 5.5% for glass. The capacitance of the two-electrode sensor in
Table 5.2 was also measured for comparison. Its measured and calculated capacitance agreed
to within 2.0%.
Table 5.3 shows the test-piece permittivity determined inversely from measured sensor ca-
pacitance, by utilizing the numerical model. No significant difference is observed in terms of
the accuracy of inferred r, between using the spiral/concentric sensors and the two-electrode
sensor. This finding looks contradictory to what is shown in Figure 5.6 at a glance, i.e., the
sensitivity k of the interdigital configurations is higher and should therefore give rise to more
accurate inferred test-piece permittivity, but can be explained as follows. ∆C is assumed to be
identical for all sensor configurations in Figure 5.6. Here, however, the percentage difference
between the measured and numerically-predicted capacitance was similar for the interdigital
configurations and the two-electrode one (2.0% to 5.5%). The absolute difference in capaci-
tance ∆C is much higher for the interdigital sensors simply because of their higher capacitance.
The difference between the inferred and independently-measured test-piece permittivity is de-
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Table 5.3 Comparison of inversely determined test-piece permittivity using different sensors.
S: small, M: medium and L: large (Table 5.1). The independently measured test–
piece relative permittivities are r = 2.85 ± 0.05 for Acrylic and r = 5.62 ± 0.05
for glass. The relative difference is calculated with respect to the independently
measured values.
Sensor Acrylic: Acrylic: rel. Glass: Glass: rel.
configuration inferred r diff. in r inferred r diff. in r
Spiral S 2.82 -1.1% 5.87 4.5%
±0.01 ±0.01
Spiral M 2.71 -4.9% 5.29 5.9%
±0.01 ±0.01
Spiral L 2.706 -4.9% 5.159 -8.2%
±0.004 ±0.004
Concentric S 2.70 -5.3% 5.85 4.1%
±0.01 ±0.01
Concentric M 2.86 0.4% 5.34 -5.0%
±0.01 ±0.01
Concentric L 2.747 -3.5% 5.108 -9.1%
±0.003 ±0.003
Two-electrode 2.77 -2.8% 5.42 -3.6%
±0.02 ±0.02
termined from ∆r = ∆C/k, Figure 5.6. Therefore, although k is greater for the interdigital
configurations, ∆C is also greater, and the ∆r is not necessarily smaller. It is observed for
these cases that variations in the inferred test-piece permittivity r for the spiral/concentric
configurations are approximately half of those of the two-electrode configuration.
5.6.3 Detection of Surface Flaws in a One-layered Dielectric
The capability of the different sensors in detecting surface flaws is compared here. The
one-layered test-piece was a 30 cm × 30 cm × 3.17 mm Delrin R© plate (r = 4.14). Two rows
of holes of different diameters (2.5, 5.0, 7.5 and 10.0 mm) were drilled in the plate to form
contrast zones of different dimensions. One row was left empty while the other was filled with
Paraffin wax (r = 2.1) to form zones of different permittivity contrasts with the surroundings.
The interdigital sensors (Table 5.1) and the two-electrode sensor (Table 5.2) were used to
inspect for the contrast zones by recording the capacitance C when the contrast zones were
positioned directly beneath the sensor gaps. C was then compared to the sensor capacitance
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Figure 5.10 Detection of air- and wax-filled holes in a 3.17-mm-thick Delrin R© plate. Hashed
bars: wax-filled holes. Solid bars: air-filled holes. Horizontal axis: diameters of
different holes.
C0 when the sensor was positioned a homogeneous part of the plate. The percentage change in
capacitance (C0 − C)/C0 × 100% is plotted in Figure 5.10 for flaws of different diameters and
permittivity contrasts. Note that the interdigital sensors were sandwiched between the sample
and their substrate. If one places the substrate directly on the test-piece, the interdigital sensors
can barely sense the Delrin R© plate due to their limited penetration depth. As in the above
measurements, pressure was applied to the sample and the substrate to minimize the effects of
air gaps.
Since the measurement results of the spiral and the concentric configurations are similar,
only the results of the spiral configurations are shown in Figure 5.10. The percentage change in
capacitance, for all sensor configurations, is observed to be greater for the air-filled holes than
wax-filled ones. On the other hand, for a given contrast zone, (C0 − C)/C0 varies for sensors
of different configurations. The detecting capability of the two-electrode sensor is poorer than
that of the small and medium spiral configurations, but better than that of the large spiral one.
This indicates that an optimal sensor configuration exists for surface flaws of given dimensions.
For example, the small spiral configuration is found to have the best detection capability in
this comparison (50% higher than for the two-electrode sensor). This is because its diameter
(9.9 mm) most closely matches that of the contrast zones. In addition, more of the interactive
area of the small spiral sensor is above the contrast zones compared to the two-electrode case,
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making it more sensitive to changes in the test-piece materials property.
The two-electrode sensor is found to be more capable of detecting contrast zones than the
large spiral configuration, although they have similar outer diameters. The ratio between the
area of the contrast zones and the interactive area of the sensor is lower for the large spiral
configuration. This means the capacitance contribution from the contrast zones will be smaller,
and the sensor are therefore less likely to detect them.
As a summary, when prior knowledge of the size of surface flaws is available, utilizing circular
interdigital sensors of similar size to the flaw can significantly increase the detectability. When
the size of the contrast zones is much smaller than the area of the sensor, however, the two-
electrode configuration will be more likely to detect such inhomogeneities.
5.6.4 Detection of Internal Inhomogeneities in a Sandwich Structure
In order to compare the capability of the capacitive sensors in detecting inhomogeneities
in sandwich structures, different amounts (0.25, 1, and 3 cc) of water (r ≈ 78 at 1 MHz and
room temperature) were injected into the honeycomb core of a glassfiber-honeycomb-glassfiber
structure. The glass fiber layer is 0.254 mm thick, and the thickness of the honeycomb cores
is 7.62 mm. Other parameters of the sandwich panel can be found in (13). 0.25 cc of injected
liquid corresponds to 1 honeycomb cell with total surface area of 22 mm2. The experimental
setup and sensors are as described in Section 6. C. The concentric and the spiral sensors were
found to have similar performance. For brevity, results for only the spiral sensors are shown
here. The surface areas of the sensors are: two-electrode 506 mm2, small spiral: 79 mm2,
medium spiral: 170 mm2 and large spiral: 495 mm2.
Figures 5.11 and 5.12 show the measured capacitance as the sensors scan a line directly over
the cells containing the contrast agent. The corresponding relative increase in capacitance is
also indicated. The signal strength of a given sensor is observed to be related to the size of the
inhomogeneity. This agrees with our intuition. On the other hand, the shapes of the curves
are different for the spiral and the two-electrode configurations. This is explained as follows.
The most sensitive regions of the capacitive sensors are the gaps between oppositely charged
electrodes. When the injected water is directly beneath the sensor gaps, the sensor capacitance
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Figure 5.11 Capacitance measured as the small spiral and the two-electrode sensors scan over
glassfiber-honeycomb-glassfiber sandwich panels containing various volumes of
injected water. Uncertainty in the measured capacitance is ± 0.02 and ± 0.03 pF
for the two-electrode and the small spiral configurations, respectively. Percentage
increase in C is relative to the capacitance measured on a region remote from the
injected water.
will increase due to the higher permittivity of water compared to the surroundings. For the
two-electrode configuration, the size of the area of the injected water is smaller than the surface
area of the sensor. When the sensor scans over the cells containing water, the sensor gaps on
each side of the sensor respond to the inhomogeneity separately. As a result, two peaks are
observed in the output signal. On the contrary, only one peak is observed in the output signal
of the small spiral sensor, independent of the relative size of the water injection area. This is
because the sensitive areas of the interdigital sensors are distributed more uniformly over the
sensor surface and are smaller than the area of the injected water. When the sensor scans over
the cells containing water, therefore, the capacitance starts to increase, and reaches the peak
when the overlap between the sensor and the area of injected water achieves its maximum.
The two-electrode sensor is found to have the highest sensitivity in detecting embedded
inhomogeneities, Figures 5.11 and 5.12. The confined sensitive area and deeper penetration
depth make the two-electrode configuration more capable of detecting inhomogeneities in the
sandwich structure studied here. The medium spiral sensor is observed to have the highest
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Figure 5.12 Capacitance measured as the medium and large spiral sensors scan over glass-
fiber-honeycomb-glassfiber sandwich panels containing injected water. Uncer-
tainty in the measured capacitance is ± 0.04 and ± 0.07 pF for the medium and
large spiral configurations, respectively. The percentage increase is defined as for
Figure 5.11.
sensitivity among the spiral configurations, due to the fact that the its surface area is the
closest to the areas of the inhomogeneities. However, due to the limited penetration depth,
fewer electric fields of the interdigital configurations penetrate through the 0.254-mm-thick
glassfiber surface, compared to the two-electrode configuration.
5.7 Conclusion
Spiral interdigital sensors and concentric interdigital sensors have been developed, to im-
prove the output capacitance and signal-to-noise ratio when compared with a previously de-
veloped two-electrode coplanar concentric design. A numerical model has been developed to
describe the behavior of the interdigital sensors. Experimental verifications showed that the
numerical predictions and measurement results agreed to within 5%. Through numerical and
experimental comparisons, the two-electrode configuration was found to possess advantages
such as deeper penetration depth, better immunity to lift-off variations and higher sensitivity
in detecting internal inhomogeneities in sandwich structures. The interdigital configurations
were found to be able to achieve higher output signal strength, better signal-to-noise ratio,
93
better accuracy in materials characterization and higher sensitivity in detecting surface defects
when prior knowledge of approximate flaw size is available.
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CHAPTER 6. ANALYSIS OF ARC-ELECTRODE CAPACITIVE
SENSORS FOR CHARACTERIZATION OF DIELECTRIC
CYLINDRICAL RODS
A paper published in the IEEE Transactions on Instrumentation and Measurement
Tianming Chen, Nicola Bowler, and John R. Bowler
6.1 Abstract
An arc-electrode capacitive sensor has been developed for the quantitative characterization
of permittivity of cylindrical dielectric rods. The material property of the cylindrical test-piece
can be inversely determined from the sensor output capacitance based on a theoretical model.
For the modeling process, the electrostatic Green’s function due to a point source exterior to
a dielectric rod is derived. The sensor output capacitance is calculated numerically using the
method of moments (MoM), in which the integral equation is set up based on the electrostatic
Green’s function. Numerical calculations on sensor configuration optimization are performed.
Calculations also demonstrate the quantitative relationship between the sensor output capac-
itance and the test-piece dielectric and structural properties. Capacitance measurements on
different dielectric rods with different sensor configurations have been performed to verify the
validity of the numerical model. Very good agreement (to within 3%) between theoretical
calculations and measurement results is observed.
6.2 Introduction
Increasing demands for dielectric measurements have been observed over the past decade,
with new applications of advanced composites in modern aircraft, automobiles, and ship-
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building. Specifically, dielectric measurements are important for the characterization of thin
films, substrates, circuit boards, printed-wiring boards, bulk materials, powders, liquids and
semisolids.
Capacitance methods, because of their simplicity, relatively low cost, and high accuracy,
have been applied to characterize the dielectric properties of many different materials. Over
the past 100 years, closed-form solutions for capacitances due to various canonically shaped
electrodes have been found, by mapping out the electrostatic field in the vicinity of the conduc-
tors. Canonical electrode shapes are those formed from surfaces easy to describe in standard
coordinates, including strips, circular discs, annular rings, cylindrical arcs, spherical caps, etc.
It is convenient to solve capacitance problems associated with electrified strips using Carte-
sian coordinates. The capacitances for two parallel and coplanar infinite strips (1), as well as
charged thin-strip quadrupoles (2), have been solved using the triple integral equations. In
addition, the potential associated with a physically more realistic strip of finite length, the
potential due to polygonal plates, and the potential due to a charged elliptical plate have been
derived using dual integral equations in Cartesian coordinates (2).
Using cylindrical coordinates, the solution to dual integral equations has been applied to
obtain the surface charge distribution of a charged disc in free space, and also to obtain the
potential due to a circular disc placed between two parallel earthed planes (1). The solution
of the Fredholm equation has been applied to solve for the capacitance of an electrified disc
situated inside an earthed coaxial infinitely long hollow cylinder. Also, the field due to two
equal coplanar electrified discs has been solved by the method of Kobayashi potentials, while the
capacitance between two identical, parallel and coaxial discs has been obtained by solving Love’s
integral equation. These solutions are available in the classic book written by TIMSneddon (1).
Furthermore, an axisymmetric problem of several charged coaxial discs has been considered by
the dual integral equation method, and the solution has been obtained for the case when the
distance between neighboring discs is large compared to their radii (3). The potential of a
system of N charged, arbitrarily located, circular discs has also been considered in (3). Aside
from classic problems associated with discs, Cooke’s solution of a set of triple integral equations
has been applied to solve for the field due to a charged annular ring of finite width in free space
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(1), while the solution to the integro-series equations has been applied to obtain the total charge
for a capacitor that consists of a coupled disc and spherical cap (2).
Another set of canonical capacitance problems discussed in the literature are infinitely
long axially slotted open cylinders. In (2), the capacitance generated by a pair of charged
symmetrically or asymmetrically placed circular arcs has been calculated in circular cylindrical
coordinates, whereas the capacitance due to a pair of charged symmetrically placed elliptic arcs
has been solved in elliptic cylinder coordinates (2).
The canonical capacitance problems, mentioned above, are all discussed in free space situa-
tions, and need further modifications to be applicable for characterization of material dielectric
properties. Other semi-analytical and numerical capacitive solutions have been developed over
the past decade to keep pace with new applications of dielectric materials. For example, in-
terdigital dielectrometry has been applied for material dielectric property characterization as
one of the most commonly used capacitance sensors. An excellent review paper on interdigital
sensors is (4), in which sensor modeling, fabrication, measurement setup, and applications are
discussed in detail. In addition to a widely-used effective semi-analytical approach, called the
continuum model (5), conformal mapping techniques have also been applied to obtain closed-
form solutions for the capacitance of interdigital sensors in surface contact with multi-layered
dielectric structures (6). Examples of practical applications of interdigital sensors include
estimation of meat fat content (7) and insulation damage detection in power system cables
(8). Multichannel fringing electric field sensors, designed by finite-element (FE) method cal-
culations for sensor modeling, optimization and performance evaluation, have been used for
material property measurements (9). Cylindrical geometry electroquasistatic dielectrometry
sensors have been developed using semi-analytical models to quantitatively relate the dielec-
tric properties of multi-layered test-pieces to sensor output transcapacitance (10). Concentric
coplanar capacitive sensors for nondestructive evaluation of multi-layered dielectric structures
have been developed in (11), and can be applied to detect water ingression and inhomogeneities
in aircraft radome structures. In addition, rectangular coplanar capacitance sensors have been
developed to detect water intrusion in composite materials (12) and for damage detection in
laminated composite plates (13). Rectangular capacitive array sensors that detect surface and
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subsurface features of dielectric materials have been developed in (14). In (15), approaches of
determining the length of open-circuited aircraft wires through capacitance measurements have
been presented.
In this paper, a model-based capacitive method is developed for the quantitative dielec-
tric property characterization of circular cylindrical dielectric rods. The work is motivated
by testing of cylindrical components such as wiring insulation or polymeric tubing, and will
be developed to deal with those cases in future. The capacitance sensor consists of two arc-
shaped patch electrodes that are located exterior to and coaxially with the cylindrical test-piece.
These two sensor electrodes exhibit a measurable capacitance whose value depends on both the
dielectric and geometrical properties of the dielectric rod. The arc-electrode configuration of-
fers a nondestructive and convenient way of determining the dielectric constant of cylindrical
test-pieces, compared to cutting a slice from the test-piece for a conventional parallel-plate
capacitance measurement. A numerical method, the method of moments (MoM), is employed
in the numerical calculations. First, the Green’s function for a point source over the surface of
a dielectric rod is derived in cylindrical coordinates, in the form of modified Bessel functions
of the first and second kinds of integer order n: In(z) and Kn(z). This Green’s function then
serves as the integration kernel in MoM calculations, from which the sensor surface charge
distribution is obtained. Once the sensor surface charge distribution is known, one can easily
calculate the sensor output capacitance C through C = Q/V , where Q is the total charge on
one electrode and V is the potential difference between the two sensor electrodes. Validation
of numerical results by benchmark experiments has been performed, and very good agreement
(to within 3%) between theoretical calculations and measurements is observed. The advantage
of the arc-electrode capacitive sensor reported in this paper, compared to existing planar ca-
pacitive sensors, is that the arc electrodes conform to the surface of a cylindrical test-piece and
concentrate the electric field in the material under test. In addition, the physics-based model
developed in this paper allows inverse determination of test-piece permittivity from measured
arc-electrode capacitance.
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Figure 6.1 Arc-electrode capacitive sensor. The radii of the sensor electrodes and the cylindri-
cal dielectric rod are denoted ρ0 and a, respectively. The arc-angle of each sensor
electrode is φ0 (rad). The length of each electrode in the vertical direction is l and
the width in the horizontal direction is w = φ0 × ρ0.
6.3 Modeling
6.3.1 Sensor Configuration
Figure 6.1 shows the configuration of the arc-electrode capacitive sensor. The capacitive
sensor consists of two identical arc-electrodes coaxial with a cylindrical dielectric rod, and
exhibits a measurable capacitance C that is quantitatively related to the permittivity and
diameter of the material under test. In the theoretical modeling, the cylindrical dielectric rod is
assumed to be infinitely long while the arc-electrodes are infinitesimally thin. The more general
case in which the electrodes and the test-piece have different radii, as shown in Figure 6.1, is
considered theoretically. However, in order to achieve maximum output capacitance, it is
more desirable to have the sensor electrodes in tight contact with the cylindrical test-piece in
measurements. One practical approach to achieving tight surface contact between the electrode
and the test-piece is to deposit the sensor electrodes on a compressible dielectric material used
as the sensor substrate, and press the substrate against the test-piece to conform the arc
electrodes to the test-piece surface. This approach will be attempted in a future version of the
sensor.
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Figure 6.2 Point source outside of a dielectric rod, assumed infinitely long.
6.3.2 Derivation of Green’s Function in Cylindrical Coordinates
The electrostatic Green’s function due to a point charge outside of an infinitely long di-
electric rod is derived in cylindrical coordinates, to form the integral equations later used in
MoM calculations. Figure 6.2 shows a point charge placed at (ρ′, φ′, z′) exterior to a cylindrical
dielectric rod of radius a and dielectric constant 2. Without loss of generality, the dielectric
constant for the medium exterior to the dielectric rod is assumed to be 1. The resulting po-
tential Ψ(ρ, φ, z) due to such a point charge satisfies the Laplace equation in each homogeneous
region:
[
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂φ2
+
∂2
∂z2
]
Ψ(ρ, φ, z)
= −1
ρ
δ(ρ− ρ′)δ(φ− φ′)δ(z − z′), (6.1)
and is subject to the interface conditions at the surface defined by ρ = a:
Ψ(1) = Ψ(2) and 1
∂
∂ρ
Ψ(1) = 2
∂
∂ρ
Ψ(2), (6.2)
where superscripts (1) and (2) correspond to the regions defined by ρ > a and 0 < ρ < a,
respectively. To find a suitable solution, one starts with the fundamental solution of the Laplace
equation in free space:
G0(r|r′) = 14pi|r− r′| , (6.3)
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where r corresponds to the observation point at (ρ, φ, z) and r′ corresponds to the source point
at (ρ′, φ′, z′). Using the integral (16)
1
r
=
2
pi
∫ ∞
0
K0(κρ) cos(κz) dκ, (6.4)
where r =
√
ρ2 + z2 and K0(κρ) is the modified Bessel function of the second kind of order zero,
one can rewrite the fundamental solution (6.3) in cylindrical coordinates, which is convenient
considering the cylindrical boundary surfaces of the problem. By using the addition theorem
(16)
K0 (κχ) = I0(κρ<)K0(κρ>) + 2
∞∑
t=1
cos[t(φ− φ′)]It(κρ<)Kt(κρ>), (6.5)
where χ =
√
ρ2 + ρ′2 − 2ρρ′ cos(φ− φ′), ρ< is the lesser of ρ and ρ′, and ρ> is the greater,
(6.4) is transformed to an arbitrary coordinate system. The potential at an observation point
(ρ, φ, z) due to a source point at (ρ′, φ′, z′) in free space is expressed as
G0(r|r′) = 12pi2 ×
{∫ ∞
0
G˜0(ρ, ρ′, κ) cos[κ(z − z′)] dκ
+2
∞∑
t=1
cos[t(φ− φ′)]
∫ ∞
0
G˜t(ρ, ρ′, κ) cos[κ(z − z′)] dκ
}
, (6.6)
where
G˜t(ρ, ρ′, κ) = It(κρ<)Kt(κρ>) t = 0, 1, 2, · · · , (6.7)
and It(κρ<) is the modified Bessel function of the first kind of order t. It is noted that the
difference between the Green’s function due to a point charge in free space and that due to
a point charge exterior to an infinitely long dielectric rod lies in the interface conditions at a
surface ρ = constant. To find the Green’s function due to a point charge outside of a dielectric
rod, one needs only to modify the integral kernel G˜t(ρ, ρ′, κ) in (6.6) so that the interface
conditions in (6.2) are satisfied:
G˜
(1)
t (ρ, ρ
′, κ) = G˜(2)t (ρ, ρ
′, κ), (6.8)
and
1
∂
∂ρ
G˜
(1)
t (ρ, ρ
′, κ) = 2
∂
∂ρ
G˜
(2)
t (ρ, ρ
′, κ). (6.9)
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To create a kernel that satisfies (6.8) and (6.9), define
G˜
(1)
t (ρ, ρ
′, κ) = It(κρ<)Kt(κρ>) +A(κ)Kt(κρ)Kt(κρ′), (6.10)
and
G˜
(2)
t (ρ, ρ
′, κ) = B(κ)It(κρ)Kt(κρ′). (6.11)
The first term in (6.10) represents the primary field due to the point source, while the second
term represents the reflected field with a reflection coefficient A(κ). In the region 0 < ρ <
a there exists only the transmitted field and B(κ) in (6.11) is the transmission coefficient.
Substitute (6.10) and (6.11) into (6.8) and (6.9) to find that the coefficient A(κ) is expressed
as
A(κ) = − (2 − 1)It(κa)I
′
t(κa)
2I ′t(κa)Kt(κa)− 1It(κa)K ′t(κa)
, (6.12)
where I ′t(z0) = dIt(z)/d(z)|z=z0 and similarly for K ′t(z0). Now the potential G(1)(r|r′) at an
observation point exterior to the dielectric cylinder due to a point charge also outside of the
cylinder is expressed as
G(1)(r|r′) = 1
2pi2
×
{∫ ∞
0
G˜
(1)
0 (ρ, ρ
′, κ) cos[κ(z − z′)] dκ
+2
∞∑
t=1
cos[t(φ− φ′)]
∫ ∞
0
G˜
(1)
t (ρ, ρ
′, κ) cos[κ(z − z′)] dκ
}
. (6.13)
The derived Green’s function, dependent on the permittivity and radius of the dielectric rod
under test, is used later to calculate the capacitance of the arc-electrode sensor.
6.3.3 Note on the Choice of the Bessel Function Kernel
Instead of using the identity in (6.4), one can also express 1/r in terms of the of Bessel
function of the first kind of order zero J0(κρ) (17):
1
r
=
∫ ∞
0
J0(κρ)e−κz dκ, (6.14)
and express the Green’s function G(1)J (r|r′) in the form of Bessel functions of the first and the
second kind
G
(1)
J (r|r′) =
1
4pi
×
{∫ ∞
0
K˜
(1)
0 (ρ, ρ
′, κ)e−κ|z−z
′| dκ
+2
∞∑
t=1
cos[t(φ− φ′)]
∫ ∞
0
K˜
(1)
t (ρ, ρ
′, κ)e−κ|z−z
′| dκ
}
, (6.15)
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where
K˜
(1)
t (ρ, ρ
′, κ) = Jt(κρ)Jt(κρ′) +AJ(κ)Yt(κρ)Jt(κρ′) t = 0, 1, · · · , (6.16)
AJ(κ) = − (2 − 1)Jt(κa)J
′
t(κa)
2J ′t(κa)Yt(κa)− 1Jt(κa)Y ′t (κa)
, (6.17)
J ′t(κa) = dJt(κρ)/d(κρ)|ρ→a and Y ′t (κa) = dYt(κρ)/d(κρ)|ρ→a. However, the denominator in
(6.17) contains an infinite number of zeros for κ from 0 to ∞, and increases the complexity
in MoM numerical implementations. Therefore, the Green’s function in the form of modified
Bessel functions, (6.13), is a better choice here for calculating the sensor output capacitance.
6.4 Numerical Implementation
The capacitance C between the two arc-electrodes is calculated numerically as follows. The
Green’s function derived above is used to set up the integral equation in MoM calculations,
which leads to the solution for the surface charge density on each electrode. The two electrodes
are oppositely charged in the numerical calculations. Because of the axisymmetry of the prob-
lem, it is only necessary to calculate the surface charge density on one of the electrodes. The
output capacitance C is then calculated from
C =
Q
V
, (6.18)
where the total charge Q on each electrode is obtained by integrating the surface charge density
over the electrode surface and V is the potential difference between the electrodes.
6.4.1 Calculation Method
Figure 6.3 shows the discretization of the arc-electrode surfaces into M × N elements of
assumed constant surface charge density. Each electrode is discretized into M elements in the
φ direction and N elements in the z direction. Denote the surface charge density on the left
electrode as σs(φ′, z′) and that on the right electrode as σs(φ′ + pi, z′). The potential at the
observation point r = (ρ0, φ, z) on the electrode surface due to the charged arc-electrodes can
be expressed by integrating (6.13) over the electrode surfaces:
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Figure 6.3 Discretization of the arc-electrode surfaces into M ×N elements of assumed con-
stant surface charge density.
Ψ(φ, z) =
1
0
∫ ∫
Left electrode
G(1)(r|r′)σs(φ′, z′)ρ0 dφ′ dz′
− 1
0
∫ ∫
Right electrode
G(1)(r|r′)σs(φ′ + pi, z′)ρ0 dφ′ dz′. (6.19)
In the MoM calculations, the following expansion is used to approximate the continuous func-
tion σs(φ′, z′):
σs(φ′, z′) =
MN∑
j=1
σjbj(φ′, z′), (6.20)
where σj is the unknown constant surface charge density on element j and bj(φ′, z′) is the pulse
basis function
bj(φ′, z′) =

1 on element j
0 elsewhere.
(6.21)
To solve for the MN unknown coefficients σj , weighting (or testing) functions wi(φ, z) are
introduced to force that the boundary condition for the potential in (6.19) is satisfied for each
element on the sensor surface. The point-matching method is used, in which the weighting
functions are Dirac delta functions:
wi(φ, z) = δ(φ− φi)δ(z − zi) on element i, (6.22)
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where i = 1, 2, ...,MN . Discretizing the integral equation using weighting functions in each of
the MN elements, (6.19) is expressed as the following matrix equation:
G11 G12 . . . G1L
G21 G22 . . . G2L
...
...
. . .
...
GL1 GL2 . . . GLL

×

σ1
σ2
...
σL

= V, (6.23)
where L = MN and
Gij =
1
0
∫ ∫
element j
G(1)(ri|r′j)bj(φ′, z′)ρ0dφ′dz′. (6.24)
All the elements in V share the same potential v that is the potential applied to one of the elec-
trodes. The other electrode has potential -v. From (6.24) the surface charge density σs(φ′, z′)
on one of the electrodes is solved, and that for the other electrode is simply −σs(φ′ + pi, z′).
The total charge Q on each electrode can be found by integrating σs(φ′, z′) over the electrode
surface. The sensor output capacitance C is ultimately calculated through (6.18).
6.4.2 Example Calculations
When numerically calculating the matrix element given in (6.24), the zero to infinity sum-
mation and integral in G(1)(r|r′) (see (6.13)) need to be truncated. The convergence of the
Green’s function depends on values of 2/1, a/ρ and φ0. When these values are large, large
truncation ranges for the summation and integral in (6.13) are needed. It is found that, for the
case 2/1 = 5, a/ρ = 1, φ0 = 177◦ and l = 4 cm, if one truncates the summation in G(1)(r|r′)
with 40 terms and the integral with the range from 0 to 2000 for the off-diagonal components
in (6.24), and the summation with 300 terms and the integral with the range from 0 to 2000
for the diagonal components, accuracy to three significant figures can be achieved in the final
calculated sensor output capacitance C. The cases calculated in Figures 6.4 to 6.6 and 6.8
have smaller 2/1, a/ρ and φ0 values than those in the case calculated above. The truncation
standard used here is adopted in all numerical calculations of sensor capacitance value in this
paper. It guarantees achieving convergence with accuracy to the third significant digit in all
the cases discussed below.
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The dependence of sensor output capacitance on the electrode configuration is investigated
as follows. In Figure 6.4, sensor output capacitance C is plotted as a function of the electrode
length l and the arc-angle φ0. In this example calculation, the infinitely long dielectric rod
is assumed to be in free space, with relative permittivity r = 2.5 and radius a = 9.525 mm
(chosen to be similar to the radii of the rods used for experiments described in Section 6.5.)
The arc-electrodes share the same radius as the cylindrical rod. It is seen from Figure 6.4
that for any fixed electrode arc-angle φ0, there exists a linear relationship between the sensor
capacitance C and the electrode length l. On the other hand, for any given electrode length l,
the sensor output capacitance C increases as the electrode arc-angle φ0 increases, and tends to
infinity as φ0 tends to 180◦. This is explained by the fact that the output capacitance C results
from interaction between the sensor electrodes. The charge density on the electrodes is highest
at the electrode edges, and increases as the electrode edges come closer together. As φ0 tends
to 180◦, the gaps between the edges of the two electrodes become infinitesimally small and
therefore the resulting capacitance tends to infinity, in accordance with the singular behavior
of the charge density at the electrode edges. Figure 6.4 shows that in order to achieve maximum
sensor output signal, the ideal sensor electrodes would be as long as practically possible and
with large arc-angle φ0.
Figure 6.5 shows an example of the sensor output capacitance C as a function of the ratio
a/ρ0 (see Figure 6.1). Rod parameters are as for Figure 6.4. The arc-electrodes each have fixed
radius ρ0 = 9.525 mm, arc-angle φ0 = 174.44◦, and length l = 4 cm. In other words, Figure 6.5
shows the dependence of sensor capacitance on the cylindrical test-piece diameter, for a fixed
arc-electrode sensor configuration. It is seen from Figure 6.5 that as the ratio a/ρ0 increases,
sensor output capacitance increases dramatically, especially when this ratio tends to 1. This is
because as a/ρ0 increases, the average permittivity interior to the arc-electrodes increases and
therefore C increases. On the other hand, the sensor’s most sensitive area lies in the region close
to the gaps between the two electrodes. As a/ρ0 tends to 1, the arc-electrodes are more likely
to detect increases in the average permittivity surrounding the sensor. This is why the sensor
output capacitance C changes more rapidly as the ratio a/ρ0 approaches 1. The theoretical
calculation in Figure 6.5 demonstrates that, during measurements, unidentified small air gaps
109
100
120
140
160
180
2
3
4
5
0
2
4
6
 
 
Ca
pa
cit
an
ce
 (p
F)
1
1.5
2
2.5
3
3.5
4
4.5
5
5.5
l (cm) (degrees)0φ
Figure 6.4 Calculated sensor output capacitance as a function of electrode length l and ar-
c-angle φ0. The dielectric rod is in free space, with a relative permittivity of 2.5
and a radius of 9.525 mm.
existing between the arc electrodes and the dielectric rod under test can introduce relatively
large uncertainty in the measured C, especially as a → ρ0. Therefore, in order to achieve the
strongest sensor output signal and the smallest uncertainty due to possible air gaps between
the electrodes and test-piece, it is desirable to have the arc-electrodes in tight surface contact
with the test-piece.
The sensor output capacitance C as a function of dielectric rod relative permittivity r2
is plotted in Figure 6.6, in which different sensor configurations are considered. A linear
relationship between the sensor output capacitance and the test-piece permittivity is observed
and has been verified numerically, by computation of a sufficient number of data points (seven
in this case). It is seen that the slope of sensor output capacitance versus rod permittivity
depends on both the sensor configuration and the ratio a/ρ0. For a given a/ρ0, the value of the
slope increases as the electrode length l and arc-angle φ0 increase. This is because the value of
the slope represents changes in the absolute values of the capacitance for any rod permittivity
increment. These absolute value changes in capacitance are most obvious for sensors with large
electrode length l and arc-angle φ0 values. This also explains why the value of the slope, for
fixed l and φ0 values, increases as a/ρ0 increases. However, it is worth pointing out that for
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Figure 6.5 Calculated sensor output capacitance C as a function of the ratio of dielectric rod
radius a to electrode radius ρ0. The electrode radius, arc-angle, and length are
ρ0 = 9.525 mm, φ0 = 174.44◦, and l = 4 mm, respectively.
fixed electrode radius ρ, arc-angle φ0, and a/ρ0 values, although increasing electrode length l
increases the value of the slope, relative changes in capacitance as r2 changes stay the same,
because of the linear relationship between the sensor output capacitance C and electrode length
l (see Figure 6.4).
6.5 Experimental Verification
Capacitance experiments were performed to verify the validity of the developed theory. Two
sets of rectangular planar electrodes (shown in Figure 6.7) were fabricated using photolithogra-
phy by American Standard Circuits Inc.. The sensor shape was achieved by selectively etching
a 18 µm thick copper cladding (14 mL standard) off a flat 25.4 µm thick Kapton R© type 100
CR polyimide film. These flexible electrodes were fixed onto different cylindrical dielectric test-
pieces later to form the arc-electrode capacitance sensors. The sensor dimensions are w = 29
mm and l = 20 mm for one set and w = 29 mm and l = 40 mm for the other (see Figure 6.1).
A Nikon EPIPHOT 200 microscope was used to independently measure the fabricated sensor
dimensions, for the purpose of checking the difference between the fabricated dimensions and
the specified ones, and therefore the accuracy of the fabrication process. The “traveling mi-
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Figure 6.6 Calculated sensor output capacitance as a function of dielectric rod relative per-
mittivity. a/ρ0 = 1, l = 4 cm and φ0 = 174.44◦ except where indicated. All the
sensor electrodes have fixed radius ρ0 = 9.525 mm.
croscope” measurement method, with accuracy of 0.01 mm, was used to measure the relatively
large sensor electrode dimensions. It was found that the measured dimensions of the fabricated
electrodes are identical with the nominal values under such measurement accuracy.
Three 304.8-mm-long dielectric rods are used in the measurements to simulate the infinitely
long cylindrical dielectric rod. The dielectric rods are long compared with the electrode lengths
(factors of approximately 8 and 15 longer), and the edge effect due to finite rod length can be
neglected if the sensor electrodes are placed at the center of the rods. The rod materials are
Acetal Copolymer (Tecaform
TM
), Cast Acrylic, and Virgin Electrical Grade Teflon R© PTFE. A
digital caliper, with accuracy of ± 0.01 mm, was used to independently measure the diameter of
each rod. The permittivity of each rod was independently determined by cutting a slice from
the end of each rod, and then measuring the permittivity of each slice using a Novocontrol
Alpha Dielectric Spectrometer at 1 MHz. In the Novocontrol measurements, both sides of each
slice were brushed with silver paint to form the measuring electrodes.
The rectangular planar electrodes were attached to each dielectric rod by taping the thin
Kapton R© sensor substrate tightly against the rod material, as shown in Figure 6.7. The elec-
trodes were aligned carefully so that the upper and lower edges of the two electrodes were at
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Figure 6.7 Agilent E4980A precision LCR meter and Agilent probe test fixture 16095A used
for sensor capacitance measurements. Subfigure: photography of the flexible rect-
angular planar electrodes fabricated using photolithography.
the same height, the vertical edges of both electrodes were in parallel, and the two vertical gaps
between the two electrodes were of the same size, as assumed in the theoretical model. Another
layer of 25.4-µm-thick Kapton R© film was wrapped tightly onto the outsides of the electrodes
in order to minimize the air gap between the electrodes and the dielectric rod. Because the
Kapton R© films used were quite thin, influences from their permittivity on the measurement
signal were negligible.
For each dielectric test-piece used in the benchmark experiments, the test-piece material,
test-piece diameter, independently measured test-piece relative permittivity, electrode radius
ρ0, and electrode arc-angle φ0 are listed in Table 6.1. The electrode radius ρ0 for each rod
is obtained by summing the dielectric rod radius and the Kapton R© substrate thickness. The
electrode arc-angle φ0 in Table 6.1 is different for each test-piece because of the fact that the
diameter of each rod is different while the electrode width w is the same. The parameters
shown in the table were used as the inputs in the numerical calculations.
An Agilent E4980A precision LCR meter was used to measure the sensor output capaci-
tance. The LCR meter operating frequency was set as 1 MHz, so that the measurement error
from the LCR meter was less than 0.3% for a 1 pF capacitance while at the same time being
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Table 6.1 Parameters of the dielectric test-pieces and the arc-electrode sensors used in bench-
mark experiments. The areas of the two sets of sensor electrodes are 29 × 20 mm2
and 29 × 40 mm2, respectively.
Test-piece Test-piece Measured Electrode Electrode
material diameter test-piece radius ρ0 arc-angle
(mm) permittivity (mm) φ0
Tecaform
TM
19.08 3.77 9.565 173.71◦
±0.01 ±0.05 ±0.005 ±0.10◦
Cast Acrylic 19.03 2.88 9.540 174.17◦
±0.01 ±0.05 ±0.005 ±0.09◦
Teflon R© 19.10 2.23 9.575 173.53◦
±0.01 ±0.05 ±0.005 ±0.09◦
a good approximation for the electrostatic assumption in the numerical model (results of the
calculation do not depend on frequency). A static model can be applied for this configuration
even at f = 1 MHz because, at this frequency, the corresponding wavelength λ = 300 m.
The diagonal dimensions of the electrodes in the measurement are smaller than 5 cm, which
means the maximum phase change over the electrode surfaces is less than 0.06◦ and the effect
of scattering is therefore negligible. A 0.06◦ phase change is not detectable here, being below
the measurement sensitivity of the Novocontrol dielectric spectrometer and the LCR meter. If
a lower operating frequency is desired for practical capacitance measurements, an impedance
measurement instrument with higher accuracy when measuring large impedance values should
be used. (According to the relationship Z = 1/j2pifC, the impedance Z resulting from mea-
suring a given capacitance C under a lower frequency f will be larger).
Sensor output capacitance C was measured by placing the probe of an Agilent probe test
fixture 16095A across the two sensor electrodes, as shown in Figure 6.7. The parts on the
electrodes where the probe is in surface contact were not covered by Kapton R© films. This
probe test fixture was connected to the LCR meter and the measured capacitance was read
from the LCR meter screen. Figure 6.8 shows the comparison between the calculated and
measured sensor output capacitance for each test-piece material and the two different electrode
configurations. Experimental data show excellent agreement with numerical results (to within
3%), and the maximum absolute difference in capacitance is less than 0.1 pF. It is worth
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Figure 6.8 Measured and calculated C for various sensor configurations (see Table 6.1) in
contact with different dielectric test-pieces. Measurement results and error bars
are denoted by the black symbol.
pointing out that even if Kapton R© films are tightly wrapped around the electrodes to attempt
to eliminate the air gaps between electrodes and the test-piece, small gaps still exist. In
particular, the vertical edges of the electrodes tend to bend up, giving rise to small air gaps,
where the sensor is most sensitive. This points to the fact that the ideal way to achieve best
agreement between theory and measurements is to deposit the arc-electrodes directly onto the
cylindrical test-pieces. Thus errors coming from the misalignment of sensor electrodes and the
existence of air gaps will be eliminated. On the other hand, deposition of electrodes directly
onto the test-piece is costly, time-consuming and undesirable for most practical purposes.
One purpose for these arc-electrode sensors is the inverse determination of the permittivity
of materials under test from measured sensor capacitance. Comparisons are made in Table 6.2
to assess the capability and accuracy of the arc-electrode sensors in material dielectric property
characterization. The sample permittivities inferred from measured capacitance values shown
in Figure 6.8 are compared with those measured by a Novocontrol dielectric spectrometer,
in the manner discussed in the second paragraph in Section 6.5. Again, excellent agreement
between inferred and independently measured test-piece permittivities is obtained. Table 6.2
demonstrates the great potential of using the arc-electrode capacitive sensors for accurate and
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Table 6.2 Comparison of test-piece permittivity values between independently measured ones
and inversely determined ones from measured capacitance using the arc-electrode
sensors.
Test-piece Independently Electrode Inversely Relative
material measured length determined difference
permittivity (mm) permittivity (%)
Tecaform
TM
3.77 20 3.76± 0.07 0.3
±0.05 40 3.82± 0.08 1.3
Cast Acrylic 2.88 20 2.88± 0.01 0.0
±0.05 40 2.89± 0.01 0.3
Teflon R© 2.23 20 2.16± 0.11 3.1
±0.05 40 2.18± 0.09 2.2
convenient permittivity measurements of cylindrical dielectric materials.
6.6 Conclusion
A numerical model, based on the electrostatic Green’s function due to a point source exterior
to an infinitely long cylindrical dielectric, has been developed to quantitatively evaluate the
dielectric property of cylindrical dielectric test-pieces. The quantitative dependence of the
sensor output capacitance on the test-piece permittivity and radius has been demonstrated
numerically and verified experimentally. The permittivity of various cylindrical test-pieces has
been inferred from measured capacitance to within 1% accuracy, on average. The numerical
model developed here will be extended in future to deal with other cylindrical problems such
as the nondestructive evaluation of wire insulation and dielectric tubes. Practical clip-type
sensors based on these theoretical models will also be developed.
6.7 Acknowledgments
This work was supported by NASA under cooperative agreement NNX07AU54A at Iowa
State University’s Center for NDE.
116
6.8 References
[1] I. N. Sneddon, “Mixed boundary value problems in potential theory”, North-Holland Pub-
lishing Company, Amsterdam, 1966.
[2] S. S. Vinogradov, P. D. Smith, and E. D. TIMVinogradova, “Canonical problems in scat-
tering and potential theory part I: canonical structures in potential theory”, Chapman and
Hall/CRC Press, Boca Raton, Florida, 2001
[3] V. I. Fabrikant, “Mixed boundary value problems of potential theory and their applications
in engineering (mathematics and its applications)”, Kluwer Academic Publishers, 1991.
[4] A. V. Mamishev, K. Sundara-Rajan, F. Yang, Y. Du, and M. Zahn, “Interdigital Sensors
and Transducers”, Proc. IEEE, Vol. 92, pp. 808-845, 2004.
[5] M. Zaretsky, “Parameter estimation using microdielectrometry with application to trans-
former monitoring”, Ph.D. thesis, Massachusetts Institute of Technology, 1987.
[6] R. Igreja and C. J. Dias, “Analytical evaluation of the interdigital electrodes capacitance
for a multi-layered structure”, Sensors and Actuators A, Vol. 112, pp. 291-301, 2004.
[7] S. C. Mukhopadhyay and C. P. Gooneratne, “A novel planar-type biosensor for noninvasive
meat inspection”, IEEE Sensors J., Vol. 7, pp. 1340-1346, 2007.
[8] R. H. Bhuiyan, R. A. Dougal, and M. Ali, “Proximity coupled interdigitated sensors to
detect insulation damage in power system cables”, IEEE Sensors J., Vol. 7, pp.1589-1596,
2007.
117
[9] X. B. Li, S. D. Larson, A. S. Zyuzin, and A. V. Mamishev, “Design principles for multi-
channel fringing electric field sensors”, IEEE Sensors J., Vol. 6, pp. 434-440, 2006.
[10] I. C. Shay and M. Zahn, “Cylindrical geometry electroquasistatic dielectrometry sensors”,
IEEE Trans. Dielectr. Electr. Insul., Vol. 12, pp. 41-49, 2005.
[11] T. Chen, and N. Bowler, “Analysis of a concentric coplanar capacitive sensor for nonde-
structive evaluation of multi-layered dielectric structures”, IEEE Trans. Dielectr. Electr.
Insul., Vol. 17, pp. 1307-1318, 2010.
[12] A. A. Nassr, W. H. Ahmed, and W. W. El-Dakhakhni, “Coplanar capacitance sensors
for detecting water intrusion in composite structures”, Meas. Sci. Technol., Vol. 19, pp.
075702(7pp), 2008.
[13] A. A. Nassr and W. W. El-Dakhakhni, “Non-destructive evaluation of laminated composite
plates using dielectrometry sensors”, Smart Master. Struct., Vol. 18, pp. 055014(8pp),
2009.
[14] P. J. Shull, A. V. Clark, P. R. Heyliger, J. C. Moulder, and B. A. Auld, “Characterization
of capacitive array for NDE applications”, Res. Nondestr. Eval., Vol. 2, pp. 11-27, 1990.
[15] Y. C. Chung, N. N. Amarnath, and C. M. Furse, “Capacitance and inductance sensor
circuits for detecting the lengths of open- and short-circuited wires”, IEEE Trans. on
Instrum. Meas., Vol. 58, pp. 2495-2502, 2009.
[16] J. D. Jackson, “Classical Electrodynamics”, John Wiley & Sons, Inc., third edition, 1999.
[17] A. Gray and G. B. Mathews, “A treatise on Bessel functions and their applications to
physics”, Dover, New York, 1966.
118
CHAPTER 7. ANALYTICAL SOLUTION FOR CAPACITANCE
CALCULATION OF A CURVED PATCH CAPACITOR THAT
CONFORMS TO THE CURVATURE OF A HOMOGENEOUS
CYLINDRICAL DIELECTRIC ROD
A paper to be submitted to the Applied Physics Letters
Tianming Chen, John R. Bowler, and Nicola Bowler
7.1 Abstract
This letter presents an analytical expression for the capacitance of a curved patch capacitor
that conforms to the curvature of an infinitely-long, homogeneous, cylindrical dielectric rod.
The capacitor is composed of two symmetric and infinitely-long curved electrodes. The resulting
capacitance per unit length depends on both the dielectric properties of the material under test
and the capacitor configuration. A practical capacitance measurement system based on the
theory has also been described. The validity of the theory has been verified by very good
agreement between measured and theoretically-predicted capacitances (to within 4%). The
analytical solution in this letter has the potential be applied to many scientific and engineering
fields.
7.2 Body of the Letter
Capacitive methods electronically measure the capacitance between two or more conductors,
and have been applied to solve many different types of sensing and measurement problems (1).
Capacitive touchscreen based on pressure sensing (2) is probably the application most related
to people’s life. In addition, capacitive techniques find applications in areas such as micrometer
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Figure 7.1 Configuration of the curved patch capacitor. The symmetric electrodes are defined
in the φ direction as: φ0 ≤ φ ≤ φ1 (top) and −φ1 ≤ φ ≤ −φ0 (bottom).
development (3), proximity and position sensing (4; 5), displacement measurement (6; 7), and
materials characterization (8; 9; 10; 11).
Previously, we have demonstrated the feasibility of utilizing finited-sized curved patch ca-
pacitors for materials characterization of cylindrical structures (12; 13). The sensor modeling
was achieved numerically using the method of moments. In this letter, a two-dimensional ana-
lytical solution is provided for the rapid and accurate calculation of the capacitance of curved
patch capacitors that conform to the curvature of cylindrical homogeneous dielectric rods. The-
oretical derivations in this letter are extended from discussions on of the capacitance between
axially slotted open circular cylinders in free space (14).
Figure 7.1 shows the configuration of the problem. The capacitor consists of two infinitely
long curved patches that are symmetric with respect to the x axis. The radius of the electrodes
is equal to 1. The upper electrode is defined by φ0 ≤ φ ≤ φ1, and the lower one is defined by
−φ1 ≤ φ ≤ −φ0. These two electrodes are charged to 1 V and -1 V, respectively. The material
under test is an infinitely long dielectric rod having the same radius as the curved electrodes.
The dielectric constant of the dielectric test-piece is assumed to be 2 and the background
material 1.
Considering the symmetry of the problem, one only has to solve for the potential in the
upper half plane in Figure 7.1 to obtain the capacitance. The electric potential Ψ resulting
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from the charged capacitor satisfies 2D Laplace equation:(
1
ρ
∂
∂ρ
ρ
∂
∂ρ
+
1
ρ2
∂2
∂φ2
)
Ψ(ρ, φ) = 0, (7.1)
and can be expressed as
Ψi(ρ, φ) =
∞∑
n=1
anρ
(−1)in sinnφ, i = 1, 2, (7.2)
where the sub- and superscripts 1 and 2 correspond to the regions defined by ρ > 1 and ρ ≤ 1,
respectively. The interface conditions for the potentials at ρ = 1 in the upper half plane are
Ψ1(ρ, φ) = Ψ2(ρ, φ) = 1, φ ∈ (φ0, φ1), (7.3)
1
∂Ψ1(ρ, φ)
∂ρ
= 2
∂Ψ2(ρ, φ)
∂ρ
, φ ∈ (0, φ0) ∪ (φ1, pi). (7.4)
Inserting equation (7.2) into (7.3) and (7.4), we find the trigonometric series equations to
determine the coefficients an
∞∑
n=1
nan sinnφ = 0, φ ∈ (0, φ0) ∪ (φ1, pi), (7.5)
∞∑
n=1
an sinnφ = 1, φ ∈ (φ0, φ1). (7.6)
These nonsymmetrical triple series equations can be transformed into symmetrical triple series
equations and considered in terms of dual series equations (14)
∞∑
n=0
(n+
1
2
)b2n+1 sin(n+
1
2
)θ = 0 θ ∈ (0, θ0), (7.7)
and
∞∑
n=0
b2n+1 sin(n+
1
2
)θ = E0 θ ∈ (θ0, pi), (7.8)
where
E0 =
(
tan
1
2
φ0 tan
1
2
φ1
) 1
2
, (7.9)
θ = 4 arctan
[
tan
1
2
φ
(
tan
1
2
φ0 tan
1
2
φ1
)− 1
2
]
, (7.10)
θ0 = 4 arctan
[(
tan
1
2
φ0 cot
1
2
φ1
) 1
2
]
. (7.11)
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The transformation relationship between an and bn is described in (14). b2n+1 in equations
(7.7) and (7.8), however, cannot be easily solved through orthogonality relationship for the
sine functions, because of the (n + 1/2) term in front of b2n+1 in (7.7). The scheme adopted
in this letter is to transform the dual series equations (7.7) and (7.8) into equations containing
the product of b2n+1 and Legendre functions, with intermediate steps in terms of the product
of b2n+1 and Jacobi polynomials, and solve for b2n+1 utilizing the orthogonality relationship for
Legendre functions. First, equations (7.7) and (7.8) are rewritten in terms of Jacobi polynomials
as
∞∑
n=0
(n+ 12)Γ(n+ 1)
Γ(n+ 12)
b2n+1P
( 1
2
,− 1
2
)
n (z) = 0 z ∈ (z0, 1) (7.12)
and √
pi
2
∞∑
n=0
b2n+1
Γ(n+ 1)
Γ(n+ 12)
(1− z) 12P (
1
2
,− 1
2
)
n (z) = E0 z ∈ (−1, z0), (7.13)
where z = cos θ and z0 = cos θ0, by replacing the sine function with Jacobi polynomials using
the identity
sin(n+
1
2
)θ =
Γ(12)Γ(n+ 1)
Γ(n+ 12)
sin
θ
2
P
( 1
2
,− 1
2
)
n (cos θ). (7.14)
To transform equation (7.13) into an equation containing the product of b2n+1 and Legendre
functions, multiply its both sides by (1 + z)−
1
2 (1− z)− 12 , integrate from -1 to z, and make use
of the following identity
(1 + t)
1
2P
(− 1
2
, 1
2
)
n (t) = (n+
1
2
)
∫ t
−1
(1 + x)−
1
2P
( 1
2
,− 1
2
)
n (x) dx (7.15)
to obtain
∞∑
n=0
b2n+1
Γ(n+ 1)
Γ(n+ 12)
(1 + z)
1
2
n+ 12
P
(− 1
2
, 1
2
)
n (z) = E0
√
2
pi
(
pi
2
+ arcsin z
)
z ∈ (−1, z0). (7.16)
Equation (7.16) can be further written in the form of Abel’s integral equation (14) as
∫ z
−1
∑∞
n=0 b2n+1Pn(x)
(z − x) 12
dx =
√
2E0
(
pi
2
+ arcsin z
)
z ∈ (−1, z0), (7.17)
by applying the identity
P
(− 1
2
, 1
2
)
n (z) =
(1 + z)−
1
2Γ(n+ 32)
Γ(12)Γ(n+ 1)
∫ z
−1
Pn(x)
(z − x) 12
dx, (7.18)
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where Pn(z) is Legendre polynomials of order n. After making use of the inversion formula for
Abel’s integral equation for equation (7.17), the following relationship is obtained
∞∑
n=0
b2n+1Pn(x) =
2E0
pi
K
(√
1 + x
2
)
x ∈ (−1, z0), (7.19)
where K(z) is the complete elliptic integral of the first kind. A similar equation containing the
product of b2n+1 and Pn(x) may be obtained for x ∈ (z0, 1) based on equation (7.12). Now,
multiply both sides of equation (7.12) by (1 + z)−
1
2 , integrate from −1 to z, and make use of
the identity
(1 + t)
1
2P
(− 1
2
, 1
2
)
n (t) = (n+
1
2
)
∫ t
−1
(1 + x)−
1
2P
( 1
2
,− 1
2
)
n (x) dx (7.20)
to express equation (7.12) as
∞∑
n=0
Γ(n+ 1)
Γ(n+ 12)
b2n+1P
(− 1
2
, 1
2
)
n (z) = F0(1 + z)−
1
2 z ∈ (z0, 1), (7.21)
where F0 is a constant will be determined later. Next, multiply both sides of equation (7.21)
by (1− z)− 12 , integrate from z to 1, and make use of the identity
(1− t) 12P (
1
2
,− 1
2
)
n (t) = (n+
1
2
)
∫ 1
t
(1− x)− 12P (−
1
2
, 1
2
)
n (x) dx (7.22)
to obtain
∞∑
n=0
Γ(n+ 1)
Γ(n+ 32)
(1− z) 12 b2n+1P (
1
2
,− 1
2
)
n (z) = F0 arccos z z ∈ (z0, 1). (7.23)
Similarly, equation (7.23) can be expressed in the form of Abel’s integral equation as
∫ 1
z
∑∞
n=0 b2n+1Pn(x)√
x− z dx =
√
piF0 arccos z z ∈ (z0, 1) (7.24)
by making use of the identity
P
( 1
2
,− 1
2
)
n (z) =
(1− z)− 12Γ(n+ 32)
Γ(12)Γ(n+ 1)
∫ 1
z
Pn(x)
(x− z) 12
dx. (7.25)
The following relationship
∞∑
n=0
b2n+1Pn(x) =
√
2
pi
F0K
(√
1− x
2
)
x ∈ (z0, 1) (7.26)
is obtain by applying the inversion formula of Abel’s integral equation to equation (7.24).
Equations (7.19) and (7.26) have to be continuous at x = z0 because of the continuity condition
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for the electric potential. Therefore, it is found that
F0 =
√
2
pi
(
tan
φ0
2
tan
φ1
2
) 1
2
K
(√
1 + z0
2
)
/K
(√
1− z0
2
)
. (7.27)
The coefficients b2n+1 are determined by applying the orthogonality relationship for Legendre
polynomials to equations (7.19) and (7.26). The result is
b2n+1 =
(
tan
φ0
2
tan
φ1
2
) 1
2
{
(n+
1
2
)K
(√
1− z0
2
)}−1
Pn(z0). (7.28)
After knowing the coefficients b2n+1, the electric potential in space is obtained.
In order to solve for the capacitance, the surface charge density σs(φ) on the electrodes is
derived. Applying the interface condition for the tangential components of electric flux density
D at ρ = 1, which can be derived from equation (7.2), gives rise to
σs(φ) = (1 + 2)
∞∑
n=1
nan sinnφ. (7.29)
Since an explicit expression is given for bn instead of an, equation (7.29) is expressed in terms
of bn as
σs(θ) = (1 + 2)
(
cos2
θ
4
+ tan
φ0
2
tan
φ1
2
sin2
θ
4
)(
tan
φ0
2
tan
φ1
2
)−1 ∞∑
n=1
nbn sin
nθ
2
(7.30)
based on the transformation relationship (14) between an and bn. Next, insert equation (7.28)
into (7.30) and express θ in terms of φ to express the electrode surface charge density in terms
of the original capacitor configuration. After some straightforward manipulation, it is found
that
σs(φ) =
1 + 2
K(
√
1− t2)
sin 12(φ0 + φ1)√
(cosφ0 − cosφ)(cosφ− cosφ1)
, (7.31)
where t = sin φ1−φ02 / sin
φ1+φ0
2 . The surface charge distribution on the lower electrode is equal
and opposite in sense as in equation (7.31).
The capacitance per unit length C is calculated using the formula C = Q/V , where Q is
the total charge per unit length on each electrode and V is the potential difference between the
two electrodes. Q can be obtained by integrating equation (7.29) with respect to φ from 0 to
pi and following the same transformation method by which σs(φ) was obtained. Note that the
identity
∞∑
0
Pn(z0)
n+ 12
= K
(√
1 + z0
2
)
(7.32)
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Table 7.1 Parameters of the dielectric test-pieces and curved patch capacitors used in
benchmark experiments. Capacitor dimensions are lD = 50.24 ± 0.01 mm,
lP = 40.00 ± 0.01 mm, g = 1.00 ± 0.01 mm, and s = 0.12 ± 0.01 mm except
where indicated (see Figure 7.2).
Tecaform
TM
19.08 3.77 10.00 2.44 2.49 2%
±0.01 ±0.05 ±0.01 ±0.01
Acrylic 19.03 2.88 20.00 2.47 2.57 4%
±0.01 ±0.05 ±0.01 ±0.01
Teflon R© 19.10 2.23 15.00 1.85 1.93 4%
±0.01 ±0.05 ±0.01 ±0.01
is used in deriving Q. Finally, the capacitance per unit length C for a curved patched capacitor
that conforms to the curvature of a cylindrical dielectric rod is obtained as
C = (1 + 2)K (t) /K
(√
1− t2
)
. (7.33)
A practical capacitance measurement setup based on the described theory is shown in
Figure 7.2. Electrodes 1 and 2 are driving and pick-up electrodes, whereas 3 and 4 are the guard
electrodes. Guard electrodes are introduced to eliminate the fringing effects not considered in
the 2D model. In the measurements, the guard electrodes are kept at the same potential
as the pick-up electrode, so that the electric fields go straight from the driving electrode to
pick-up electrode without bending. Benchmark experiments were carried out to verify the
theory. Three groups of capacitors of different dimensions (see Table 7.1) were fabricated using
photolithography. These capacitors were attached to cylindrical dielectric rods of different
materials and configurations (Table 7.1). Capacitance measurements were performed in free
space at 1 MHz and room temperature using an Agilent LCR meter E4980A and an Agilent
probe 16095A. The high potential pin of the probe was placed on the driving electrode while the
low potential pin (potential of virtual ground) on the pick-up electrode. The guard electrodes
were connected electrically to the guard port of the LCR meter (potential of virtual ground).
More details on sensor fabrication, test-piece information and measurement procedures can be
found in (12). Table 7.1 shows the very good agreement between measured and theoretically-
predicted capacitances (to within 4%). Note that the calculated capacitances were obtained
easily by rescaling equation (7.33).
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Figure 7.2 A curved patch capacitor in surface contact with a dielectric test-piece. All the
capacitor electrodes have a width w. The gap between the driving and pick-up
electrodes and the separation between the guard and pick-up electrodes are denoted
g and s. The lengths of the driving and pick-up electrodes are denoted lD and lP ,
respectively. The length of the guards is (lD − lP − 2s)/2.
To summarize, an analytical solution for the capacitance of a curved patched capacitor in
surface contact with a homogeneous cylindrical dielectric rod has been derived. Very good
agreement between theoretically-predicted and measured capacitances was observed. Results
described in this letter has the potential to be applied to many different science and engineering
fields.
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CHAPTER 8. ANALYSIS OF A CAPACITIVE SENSOR FOR THE
EVALUATION OF CIRCULAR CYLINDERS WITH A CONDUCTIVE
CORE
A paper accepted for publication in the Measurement Science and Technology
Tianming Chen and Nicola Bowler
8.1 Abstract
A capacitive sensor has been developed for the purpose of measuring the permittivity of
a cylindrical dielectric that coats a conductive core cylinder. The capacitive sensor consists
of two identical curved patch electrodes that are exterior to and coaxial with the cylindrical
test-piece. The permittivity of the cylinder is determined from measurements of capacitance
by means of a physics-based model. In the model, an electroquasistatic Green’s function due
to a point source exterior to a dielectric-coated conductor is derived, in which the permittivity
of the dielectric material may take complex values. The Green’s function is then used to set
up integral equations that relate the unknown sensor surface charge density to the imposed
potentials on the electrode surfaces. The method of moments is utilized to discretize the
integral equation into a matrix equation that is solved for the sensor surface charge density
and eventually the sensor output capacitance. This model enables the complex permittivity
of the dielectric coating material, or the geometry of the cylindrical test-piece, to be inferred
from the measured sensor capacitance and dissipation factor. Experimental validation of the
numerical model has been performed on three different cylindrical test-pieces for two different
electrode configurations. Each of the test-pieces has the structure of a dielectric coated brass
rod. Good agreement between measured and calculated sensor capacitance (to an average of
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7.4%) and dissipation factor (to within 0.002) was observed. Main sources of uncertainty in the
measurement include variations in the test-piece geometry, misalignment of sensor electrodes,
strain-induced variation in the test-piece permittivity, and the existence of unintended air
gaps between electrodes and the test-piece. To demonstrate the effectiveness of the sensor,
measurements of capacitance have been made on aircraft wires and the permittivity of the
insulation inferred. A significant change in permittivity was observed for thermally degraded
wires.
8.2 Introduction
This paper describes development and benchmark testing of a model-based capacitive
method for complex permittivity measurement of a cylindrical dielectric that coats a conduc-
tive core cylinder. The work is motivated by the need for effective nondestructive evaluation
of degradation status of air- and space-craft wiring insulation. Degradation in electrical wiring
insulation has the potential to cause aviation catastrophe due to consequent short-circuiting or
loss of control function (1). One effective approach of evaluating insulation degradation state
is through permittivity measurements, which can be achieved using capacitive methods.
Capacitive methods offer a favorable solution to the accurate characterization of material di-
electric properties at low costs. For example, model-based interdigital sensors allow the inverse
determination of test-piece material properties from measured sensor output capacitance (2).
Applications of interdigital sensors include humidity and moisture sensing, electrical insulation
properties sensing, chemical sensing, biosensing, and others. Rectangular coplanar capacitive
sensors have been developed to detect water intrusion in composite materials, on the physical
basis that changes in material dielectric properties lead to variations in the sensor capacitance
(3). Rectangular capacitance sensors also find application in damage detection in laminated
composite plates (4), evaluation of moisture content in reinforced concrete covers (5), and rain
sensing (6). Rectangular capacitive sensor arrays have been reported in (7), and shown to be
capable of detecting surface and subsurface features of dielectrics. Circular shaped capacitive
sensors have also been developed for the quantitative characterization of material properties.
Multichannel fringing electric field sensors (8), cylindrical geometry electroquasistatic dielec-
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trometry sensors (9) and concentric coplanar capacitive sensors (10) are some examples of
these. In addition, parallel plate capacitors formed by two circular discs with coplanar guard
electrodes have been used to detect strength-limiting defects (large voids) in cellular glasses
(11). Capacitive techniques that have the potential to be integrated into aircraft wiring test
systems are presented in (12; 13; 14). Arc-electrode capacitive sensors have been developed to
characterize material and structural properties of cylindrical dielectric rods (12). A so-called
‘meander’ coil and a quarter-circular interdigital sensor have been used in detection of cable
insulation damage (13). In (14), linear relationships between the capacitance of open-circuited
aircraft wires and their length have been demonstrated and enable the determination of wiring
conductor length from measured capacitance values. Further references on capacitive methods
can be found in (10) and (12).
In addition to capacitive techniques, other electrical testing methods have been developed
to evaluate the wiring conductor condition. Reflectometry is one of the most commonly used
techniques for aircraft wiring testing, in which a high frequency electrical signal is transmitted
along the wire and any impedance discontinuities result in reflected signals whose interpretation
may give an estimate of the flaw position. An excellent review paper that compares different
reflectometry methods is (15). Low-voltage resistance tests and dielectric-withstand-voltage
tests are two qualitative methods that can detect faults, but are not suitable for inspection of
aging aircraft wiring because of the difficulty of miniaturization and pinpointing the fault (16).
The purpose of this paper is to present fundamental relationships between the capacitance
of a curved patch capacitive sensor and the complex permittivity of its test-piece. The test-
piece discussed here has the structure of a dielectric-coated conductor. The sensor consists
of two identical and symmetric curved patch electrodes, which are located exterior to and
coaxially with the cylindrical test-piece. In the modeling of this system, an electroquasistatic
Green’s function due to a point source exterior to a cylindrical dielectric-coated conductor is
derived in cylindrical coordinates, in which the permittivity of the dielectric material may take
complex values, Section 8.3. The Green’s function is then used to set up integral equations
that relate the unknown sensor surface charge density to the imposed potential difference, V ,
on the sensor electrodes. The method of moments (MoM) is utilized to discretize the integral
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equation into a matrix equation that is solved for the sensor surface charge density, Section 8.4.
The total charge Q on each electrode is then calculated and the capacitance between the two
curved patch electrodes is obtained through C = Q/V . Experimental validation of the theory
has been carried out on brass rods coated with different dielectric materials, for two different
electrode configurations, Section 8.5. Measured and numerically calculated sensor capacitance
values agree to an average of 7.4%, whereas the dissipation factors agree to within 0.002. Major
factors contributing to the measurement uncertainty are variations in the test-piece geometry,
misalignment of sensor electrodes, strain induced variation in the test-piece permittivity, and
the existence of unintended air gaps between the sensor electrodes and cylindrical test-pieces.
These are discussed in detail in Section 8.5.
This paper is focused on the development and verification of a physics-based measurement
method. In related research that will be published in a later article, a prototype capacitive probe
has been built based on the method presented in this paper (17). This probe has been applied
for quantitative characterization of insulation degradation on actual aircraft wires. Changes in
the insulation complex permittivity, induced by thermal and hydrolytic exposures, have been
clearly detected. One of these results is shown here, Section 8.6, in order to demonstrate the
feasibility of quantitative evaluation of wiring insulation permittivity using the model described
in this paper. The capacitance technique developed here has the potential to be built into smart
embedded wiring test systems of the future. It is complementary to large-scale inspection
techniques. For instance, two ultrasonic transducers can be used in a pitch/catch configuration
to generate and receive an ultrasonic guided wave in a wire, and obtain an overall indication of
the wire insulation condition (18). When faults are indicated by such system-level inspection
techniques, high accuracy local inspections using the curved patch capacitive sensors may
follow.
8.3 Modeling
The method of moments (MoM) is utilized in the modeling process instead of the finite
element method. The adopted numerical method has the advantage of needing only to discretize
surfaces, rather than the volume, to obtain the sensor capacitance. The number of unknowns
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to solve is proportional to N2, where N is the number of unknowns in one dimension. Most
commercially available finite element tools, however, have to discretize a truncated space, in
which the number of unknowns to solve is proportional to N3. This means using the MoM in
the modeling significantly reduces the number of unknowns to solve and therefore the required
computation time and computer memory. This feature is important in quantitative evaluation
of wiring insulation permittivity using the capacitive method, because faster numerical models
can significantly reduce the amount of time required to inversely determine the insulation
permittivity from measured capacitance.
For instance, it takes 40 to 60 minutes to compute a single capacitance to accuracy of three
significant figures for the cases discussed in this paper, using a laptop with a 1.6 GHz single
core CPU and 256 MB memory. Commercial finite element tools may take days to achieve the
same numerical accuracy.
8.3.1 Sensor Configuration
The configuration of the curved patch capacitive sensor is shown in Figure 8.1. The two
identical and symmetric curved sensor electrodes are assumed in the theory to be infinitesi-
mally thin. The cylindrical test-piece is modeled as an infinitely long dielectric-coated perfect
conductor. The conductor is kept at ground potential in the modeling and the patch electrodes
are held at equal and opposite potentials, ± V/2. The sensor output capacitance is calculated
in the electroquasistatic regime, in which the permittivity of the dielectric coating may take
complex values while the resulting potential still satisfies the Laplace equation.
8.3.2 Derivation of Green’s Function in Cylindrical Coordinates
Figure 8.2 shows a point source placed at (ρ′, φ′, z′) exterior to a cylindrical dielectric-coated
conductor. This configuration is used in the following Green’s function derivation. The outer
radius of the cylindrical test-piece is b and the radius of the inner conductor is a. The complex
permittivities of the dielectric coating and the background medium are ∗2 = ′2 − j′′2 and
∗1 = ′1 − j′′1, respectively, where j =
√−1. Considering the canonical shapes of the sensor
electrodes and the test-piece, the electroquasistatic Green’s function is derived in cylindrical
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Figure 8.1 Curved patch capacitive sensor. The radii of the sensor electrodes, the conductor,
and the cylindrical test-piece are denoted ρ0, a, and b, respectively. The arc-angle
of each sensor electrode is φ0 (rad). The length of each electrode in the vertical
direction is l and the width in the horizontal direction is w = φ0 × ρ0.
coordinates. The electric potential Ψ at an observation point (ρ, φ, z) due to the point source in
Figure 8.2 satisfies the Laplace equation in each homogeneous region exterior to the conductor:
[
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂φ2
+
∂2
∂z2
]
Ψ(i)(ρ, φ, z)
= −1
ρ
δ(ρ− ρ′)δ(φ− φ′)δ(z − z′) i = 1, 2, (8.1)
is subject to a Dirichlet boundary condition at the surface defined by ρ = a:
Ψ(2)(ρ = a, φ, z) = 0, (8.2)
and the interface conditions at the surface defined by ρ = b:
Ψ(1)(ρ = b, φ, z) = Ψ(2)(ρ = b, φ, z)
∗1
∂
∂ρ
Ψ(1)(ρ = b, φ, z) = ∗2
∂
∂ρ
Ψ(2)(ρ = b, φ, z), (8.3)
where superscripts (1) and (2) correspond to the regions defined by ρ ≥ b and a ≤ ρ < b,
respectively. The Green’s function for the electroquasistatic potential can be found by following
a procedure similar to that presented in (12), in which the Green’s function due to a point
source exterior to a homogeneous dielectric cylinder is derived. Steps in the derivation may be
summarized as follows.
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Figure 8.2 Point source exterior to an infinitely long dielectric-coated conductor.
Begin with the free space Green’s function in cylindrical coordinates due to a point charge
at the origin. The potential at an observation point (ρ, φ, z) is (19)
G0(ρ, z) =
1
4pir
=
1
2pi2
∫ ∞
0
K0(κρ) cos(κz) dκ, (8.4)
where r =
√
ρ2 + z2 and K0(κρ) is the modified Bessel function of the second kind of order
zero. The potential due to a source point at arbitrary location (ρ′, φ′, z′) can be obtained by
applying the addition theorem given in (8.5) (19)
K0 (κζ) = I0(κρ<)K0(κρ>) + 2
∞∑
m=1
cos[m(φ− φ′)]Im(κρ<)Km(κρ>), (8.5)
to K0(κρ) in (8.4) and replacing z by z − z′, where ζ =
√
ρ2 + ρ′2 − 2ρρ′ cos(φ− φ′), ρ< is the
lesser of ρ and ρ′, and ρ> is the greater. Now the Green’s function in free space is rewritten as
G0(ρ, φ, z|ρ′, φ′, z′) = 12pi2 ×
{∫ ∞
0
G˜0(ρ, ρ′, κ) cos[κ(z − z′)] dκ
+2
∞∑
m=1
cos[m(φ− φ′)]
∫ ∞
0
G˜m(ρ, ρ′, κ) cos[κ(z − z′)] dκ
}
, (8.6)
where
G˜p(ρ, ρ′, κ) = Ip(κρ<)Kp(κρ>) p = 0, 1, 2, · · · , (8.7)
and Ip(κρ<) is the modified Bessel function of the first kind. As pointed out in (12), the
difference between the Green’s function due to a point charge in free space and that due to
a point charge exterior to an infinitely long dielectric-coated conductor (Figure 8.2) is due to
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interface conditions that are applied at surfaces of constant ρ, corresponding to the physical
interfaces of the test-piece. To find the Green’s function for this case, one needs only to modify
the integral kernel G˜p(ρ, ρ′, κ) in (8.6) so that the interface conditions in (8.2) and (8.3) are
satisfied:
G(2)p (ρ = a, ρ
′, κ) = 0 (8.8)
G˜(1)p (ρ, ρ
′, κ) = G˜(2)p (ρ, ρ
′, κ) (8.9)
1
∂
∂ρ
G˜(1)p (ρ, ρ
′, κ) = 2
∂
∂ρ
G˜(2)p (ρ, ρ
′, κ). (8.10)
Following the same steps as in (12), the Green’s function G(ρ, φ, z|ρ′, φ′, z′) at an observation
point (ρ, φ, z) due to a point charge at (ρ′, φ′, z′) that is also exterior to the dielectric-coated
conductor is derived as:
G(ρ, φ, z|ρ′, φ′, z′) = 1
2pi2
×
{∫ ∞
0
G˜0(ρ, ρ′, κ) cos[κ(z − z′)] dκ
+2
∞∑
t=1
cos[t(φ− φ′)]
∫ ∞
0
G˜p(ρ, ρ′, κ) cos[κ(z − z′)] dκ
}
, (8.11)
where
G˜p(ρ, ρ′, κ) = Ip(κρ<)Kp(κρ>) +Ap(κ)Kp(κρ)Kp(κρ′) p = 0, 1, · · · , (8.12)
Ap(κ) = −
(∗2 − ∗1)Ip(κb)I ′p(κb)− αp(κ)
[
∗2Ip(κb)K ′p(κb)− ∗1I ′p(κb)Kp(κb)
]
∗2I ′p(κb)Kp(κb)− ∗1Ip(κb)K ′p(κb)− αp(κ)(∗2 − ∗1)Kp(κb)K ′p(κb)
, (8.13)
αp(κ) = Ip(κa)/Kp(κa), (8.14)
I ′p(κb) = dIp(κρ)/d(κρ)|ρ→b and similarly for K ′p(κb). The Green’s function in the form of
modified Bessel functions, (8.11), is used in the following calculations of the sensor output
capacitance. The sensor capacitance is computed later using the derived test-piece geometry
and permittivity dependent Green’s function.
Note that (8.11) can be simplified to the case of a homogeneous dielectric rod, described
in (12), by assigning a = 0. The Green’s function (8.11) can also be expressed in the form of
Bessel functions of the first and second kind. However, the denominator of the integrand in
the Green’s function contains an infinite number of zeros and increases the complexity in the
numerical implementations.
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8.4 Numerical implementation
8.4.1 Calculation Method
The sensor output capacitance C is calculated numerically using the method of moments
(MoM). Calculation procedures used here are similar to those in (12). In summary, the following
steps are taken to compute the sensor capacitance.
First, the Green’s function (8.11) is used to set up the integral equation that relates the
unknown sensor surface charge density σs(φ′, z′) to the imposed potential Ψ(φ, z) on the sensor
electrodes
Ψ(φ, z) =
1
0
∫ ∫
Left electrode
G(ρ, φ, z|ρ′, φ′, z′)σs(φ′, z′)ρ0 dφ′ dz′
− 1
0
∫ ∫
Right electrode
G(ρ, φ, z|ρ′, φ′, z′)σs(φ′ + pi, z′)ρ0 dφ′ dz′. (8.15)
In order to solve for the sensor surface charge density numerically, i.e., to use discrete functions
approximating the continuous function σs(φ′, z′), each electrode in Figure 8.3 is discretized into
M × N rectangular elements. The charge density on each element is assumed to be constant
and can be different from others. Mathematically, this approximation is expressed as
σs(φ′, z′) ≈
MN∑
j=1
σjbj(φ′, z′), (8.16)
where bj(φ′, z′) is the selected pulse basis function and σj is the unknown coefficient to be
determined. Note the axisymmetry of the problem, it is only necessary to calculate the surface
charge density on one of the electrodes.
To solve for the MN unknown coefficients σj , weighting functions wi(φ, z) are introduced
to force the integral equation (8.15) to be satisfied for each element on the sensor surface.
The point-matching method is used in this process, in which the weighting functions are Dirac
delta functions. Expressions for bj(φ′, z′) and wi(φ, z) can be found in (12). Discretizing the
integral equation using weighting functions in each of the MN elements, (8.15) is expressed as
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Figure 8.3 Curved patch capacitive sensor is divided into M ×N elements on each electrode,
each with assumed constant surface charge density.
the following matrix equation:
G11 G12 . . . G1L
G21 G22 . . . G2L
...
...
. . .
...
GL1 GL2 . . . GLL

×

σ1
σ2
...
σL

= V, (8.17)
where
Gij =
1
0
∫ ∫
element j
G(ρi, φi, zi|ρ′j , φ′j , z′j)bj(φ′, z′)ρ0dφ′dz′, (8.18)
L = MN and all the elements in V share the same potential that is applied to the electrode.
The unknown coefficients σj are obtained by solving the matrix equation, and the total charge
Q on each electrode is calculated by integrating the surface charge density over the electrode
surface. The capacitance C between the two electrodes is obtained using the relationship
C = Q/V .
8.4.2 Example Calculations
The dielectric-coated conductor is assumed to be in free space in the following calculations,
i.e., ∗1 = 1. When numerically evaluating elements in the G matrix, the zero to infinity
summation and integral inG(ρ, φ, z|ρ′, φ′, z′) (see (8.11)) need to be truncated. The convergence
of the Green’s function depends on values of ′2, tanδ = ′′2/′2, a/b, b/ρ and φ0. When these
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values are large, large truncation ranges for the summation and integral in (8.11) are needed.
It is found that, for the case ′2 = 5, tanδ = 0.02, a/b = 0.9, b/ρ = 1, φ0 = 178◦ and l = 4 cm, if
one truncates the summation in G(ρ, φ, z|ρ′, φ′, z′) to 80 terms and the integral with the range
from 0 to 6000 for the off-diagonal components in G matrix, and the summation to 400 terms
and the integral with the range from 0 to 6000 for the diagonal components, accuracy to three
significant figures can be achieved in the final calculated complex sensor output capacitance
C, for both real and imaginary parts. The cases calculated in Figures 8.4 to 8.6 and Section
8.5 have smaller ′2, tanδ, a/b, b/ρ and φ0 values than those in the case calculated above. The
truncation standard used here is adopted in all of the following numerical calculations, which
guarantees convergence to three significant figure accuracy for all the numerically calculated
capacitance values in this paper.
The dependence of sensor capacitance on the electrode configuration is shown in Figure 8.4.
The sensor output capacitance is plotted as a function of the electrode length l and the arc-
angle φ0. The dielectric coating has a relative permittivity r2 = 2.5. The radius of the core
conductor a = 8 mm and the outer radius of the dielectric-coated conductor b = 9 mm. The
sensor electrodes are assumed to be right on the cylindrical test-piece: ρ0 = b. In Figure 8.4, a
linear relationship between the sensor capacitance C and the electrode length l is observed for
any fixed electrode arc-angle φ0. On the other hand, the sensor output capacitance C increases
as the electrode arc-angle φ0 increases for any given electrode length l, and tends to infinity
as φ0 tends to 180◦. This is explained by the fact that as φ0 tends to 180◦, the gaps between
the two electrodes become infinitesimally small and the resulting capacitance tends to infinity.
Figure 8.4 shows that the sensor output capacitance changes dramatically when φ0 and l have
large values. When performing dielectric measurements in practice, it is usually helpful to
have large sensor output signal and therefore to have large φ0 and l values. However, when l
and φ0 are large, C changes rapidly, and it is important to have accurate sensor configuration
information to infer accurately material dielectric properties from measured C.
The dependence of sensor capacitance on the test-piece geometry is shown in Figure 8.5.
The sensor output capacitance C is plotted as a function of the ratios b/ρ0 and a/b (Figure 8.1).
The dielectric coating permittivity r2 is as for Figure 8.4. The sensor electrodes have fixed
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Figure 8.4 Calculated sensor output capacitance as a function of electrode length l and ar-
c-angle φ0. The rod is in free space with conductor radius a = 8 mm, dielectric
radius b = ρ0 = 9 mm and dielectric permittivity r2 = 2.5.
radius ρ0 = 9 mm, arc-angle φ0 = 174◦ and length l = 4 cm. It is observed that, for fixed
b/ρ0, the sensor capacitance increases as the ratio a/b increases. Such a trend is more obvious
when the ratio b/ρ0 tends to 1. This is because the calculated capacitance C is actually the
series capacitance of the capacitance between one electrode and the core conductor and the
capacitance between the core conductor and the other electrode. When the ratio a/b increases,
the distance between the sensor electrodes and the core conductor decreases and the resulting
total capacitance increases. In particular, when b/ρ0 = 1, the output capacitance tends to
infinity as a/b tends to 1, in which case the gap between the sensor electrodes and the core
conductor approaches zero. This also explains why the sensor capacitance increases as the ratio
b/ρ0 increases for given a/b values, and why such changes in capacitance are more rapid for
large a/b values. The fact that the overall permittivity of the region between the electrodes
and the conductive core increases as b/ρ0 increases also contributes to increases in the sensor
output signal. In summary, the existence of the conductive core in the test-piece increases
the output capacitance for given sensor configurations, and as the conductive core radius a
approaches zero, the test-piece reduces to a homogeneous dielectric rod.
Figure 8.6 shows the sensor capacitance C and dissipation factor D as functions of the
dielectric coating real permittivity ′r2 and imaginary permittivity ′′r2, respectively. Different
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Figure 8.5 Calculated sensor output capacitance C as a function of the ratio of cylindrical
test-piece outer radius b to electrode radius ρ0 and the ratio of conductive core a
to cylindrical test-piece outer radius b. The electrode radius, arc-angle and length
are 9 mm, 174◦ and 4 cm, respectively.
sensor configurations are considered. In Figure 8.6 a), a linear relationship between C and ′r2
is observed for all sensor configurations. It is seen that the slope of sensor capacitance versus
dielectric coating real permittivity, i.e., the sensor sensitivity, depends on both the sensor
configuration and the geometry of the cylindrical test-piece. The largest slope in Figure 8.6
occurs when a/b, b/ρ0, electrode length l and electrode arc-angle φ0 are the largest of the
values considered. However, it is worth pointing out that although increasing electrode length
l increases the value of the slope, relative changes in capacitance stay the same, because of
the linear relationship between the sensor output capacitance C and electrode length l (see
Figure 8.4). For practical inspection of wires, a/b is fixed, and it is therefore important to
keep b/ρ0 close to 1 to achieve the highest sensitivity. In the selection of φ0, a trade-off exists.
Larger φ0 gives rise to larger sensitivity as well as capacitance. On the other hand, larger φ0
means that the inter-electrode gap decreases and the penetration of the field into the insulation
decreases as a consequence.
Similar relationships between D and ′′r2 are observed in Figure 8.6 b). The major difference
between the response of C and D to the investigated factors is that D is less sensitive than C
to changes in l, φ0 and a/b.
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Figure 8.6 Calculated sensor capacitance and dissipation factor as a function of the dielectric
coating real permittivity ′r2 and imaginary permittivity ′′r2. Sensor configuration:
ρ0 = 9 mm, a/b = 0.8, b/ρ0 = 1, l = 4 cm and φ0 = 170◦ except where indicated
in other lines. ′′r2 and the material dissipation factor are assumed to be zero in a).
′r2 = 2 in b).
8.4.3 Dependence of Capacitance on Test-piece Permittivity and Sensor Config-
uration
If l →∞, a→ 0 and b/ρ0 = 1, the case of Figure 8.1 becomes a two-dimensional problem.
An analytical expression for the capacitance per unit length between the two curved patches
has been derived in (20) and takes the following general form
C = Fs(1 + 2), (8.19)
where Fs is a shape factor that depends solely on the capacitor geometry. Considering the linear
plots of Figure 8.6 a), the following relationship is found to hold in general for the problem
discussed in this paper (Figure 8.1):
C = Fs(1 + α2), (8.20)
where α is a constant showing the dependence of C on 1 and 2. α > 1 means C is more
dependent on 2 than 1, and vice versa. α = 1 means C depends equally on 1 and 2. The
factors α and Fs in (8.20) may be determined by selecting two data points on any of the lines
in Figure 8.6 a). It is found that α and Fs are constant for any given sensor configuration,
independent of the particular data points selected for the calculation.
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As an example shown in Figure 8.6 a), C obtained based on (8.20) fits nicely on the dashed
line for α = 2.61 and Fs = 1.01 m. Similar results are observed for all the other sensor
configurations as well. It is found that α increases as b/ρ0, a/b and l increase, and as φ0
decreases. The latter relationship can be explained by the fact that as φ0 decreases, more
electric field penetrates the dielectric coating, and 2 will therefore have larger impact on C.
The product αFs is the slope in the C versus 2 plot and shows the sensor sensitivity, whose
dependency on the sensor configuration has been discussed earlier.
8.5 Validation Experiment
8.5.1 Experiment Arrangement and Measurement Procedures
Benchmark experiments comparing the measured sensor capacitance with numerically-
predicted values were performed to verify the validity of the developed theory. Experiments
were conducted at frequency 1 MHz. Note that although the numerical model is developed in
the electroquasistatic regime, i.e., the wave length λ (approximately 300 m at 1 MHz) is much
greater than the dimension of the test-pieces in the experiment, the dielectric coatings still have
complex permittivities. This is due to losses arising in the materials due to the polarization
response of the polymers lagging behind the switching of the applied electric field at 1 MHz.
For this reason, complex permittivities are considered in the following benchmark experiments.
Two sets of rectangular planar electrodes (shown in Figure 8.7) were fabricated using pho-
tolithography by selectively etching a 18-µm-thick brass cladding (14 mL standard) off a flat
25.4-µm-thick Kapton R© type 100 CR polyimide film. These flexible electrodes were attached
to different cylindrical test-pieces later to form the capacitance sensors. The sensor dimensions
are w = 29 mm and l = 20 mm for one set and w = 29 mm and l = 40 mm for the other (see
Figure 8.1). A Nikon EPIPHOT 200 microscope was used to measure the fabricated sensor di-
mensions, for the purpose of checking the difference between the fabricated dimensions and the
nominal ones, and therefore the accuracy of the fabrication process. The “traveling microscope”
measurement method, with accuracy of ± 0.01 mm, was used to measure the dimensions of the
relatively large sensor electrodes. It was found that the measured dimensions of the fabricated
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Table 8.1 Measured complex permittivity values of the dielectric coating materials.
Dielectric material ′r2 
′′
r2
Tecaform
TM
3.77± 0.05 0.014± 0.002
Acrylic 3.02± 0.05 0.055± 0.009
Teflon R© 2.21± 0.04 below instrument capability
electrodes are the same as the nominal ones under such measurement accuracy.
Three cylindrical test-pieces, each being a brass rod coated with a dielectric tube, were
used in the measurements to simulate the infinitely long dielectric-coated conductors modeled
in theory (Figure 8.1). The dielectric tube materials were Acetal Copolymer (Tecaform
TM
),
Acrylic, and Virgin Electrical Grade Teflon R© PTFE, respectively. They were hollowed from
homogeneous rods so that the inner diameter of the tube matched the diameter of the brass rod
as closely as possible. After assembly, all three dielectric tubes were in tight surface contact
with the central brass rods. The cylindrical test-pieces used were 152 mm long (factors of
approximately 4 and 7 times longer than their electrode lengths). The edge effect due to finite
rod length can be neglected if the sensor electrodes are placed sufficiently far from the ends
of the test-piece. Prior to being hollowed out, the permittivity of each dielectric tube was
measured, by cutting a disc from the end of each rod and measuring its permittivity using
a Novocontrol Alpha Dielectric Spectrometer at f = 1 MHz and room temperature. The
measured test-piece permittivity values, together with uncertainty, are provided in Table 8.1.
In the Novocontrol measurements, both sides of each disc (around 19 mm in diameter) were
brushed with silver paint to form the measuring electrodes. The measured capacitance values
lay between 2 and 5 pF. The impedance measurement accuracy of the Novocontrol at 1 MHz
and room temperature for such capacitance values is 0.1% for the magnitude and 0.06◦ for the
absolute phase accuracy. Note that since Teflon R© is low loss material (loss tangent below 10−4
in the frequency range 20 kHz to 1 MHz at room temperature (21)), accurate measurements of
its imaginary permittivity was not achieved using either the Novocontrol or the Agilent E4980A
LCR meter.
The diameter of the brass rods, the outer diameter of the dielectric-coated conductors and
the thickness of the dielectric coatings were measured using a digital caliper with uncertainty
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Figure 8.7 Agilent E4980A precision LCR meter and Agilent probe test fixture 16095A used
for sensor capacitance measurements. Subfigure: Flexible rectangular planar elec-
trodes fabricated using photolithography.
± 0.01 mm. Each of these values was measured at ten different locations on the test-piece. An
average value and the corresponding deviation were obtained, in which the deviation is defined
as the maximum absolute difference between the average value and the ten measured values.
The experimental arrangement for the capacitance measurements is shown in Figure 8.7.
The rectangular patch electrodes were conformed to each cylindrical test-piece by taping the
thin Kapton R© sensor substrate tightly against the dielectric material. The thickness of the film
(25 µm) is accounted for in the numerical modeling while effects of its permittivity are neglected.
This is because the sensor capacitance is much more sensitive to small variations in b/ρ0, when
this ratio is very close to 1, than those in the test-piece permittivity. The permittivity of
the substrate was hence assumed to be that of the test-piece, an assumption that introduces
negligible uncertainty. The electrodes were aligned carefully in order to achieve the sensor
configuration in the theoretical model as closely as possible. The goal in the alignment was to
keep the upper and lower edges of the two electrodes at the same height, the vertical edges of
both electrodes in parallel, and the two vertical gaps between the two electrodes of the same
size. Another layer of 25.4-µm-thick Kapton R© film was wrapped tightly onto the outsides of the
electrodes to further minimize the air gap between the electrodes and the cylindrical test-piece,
leaving part of each electrode exposed to make electrical contact with the probe test fixture
later.
In the experimental verifications, two groups of capacitance measurements were performed
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for each cylindrical test-piece: one group using the 20-mm-long electrodes and the other using
the 40-mm-long electrodes. For each cylindrical test-piece, the tube material, brass rod diam-
eter, outer diameter of the dielectric-coated brass, variation in the dielectric tube thickness,
electrode radius ρ0 and electrode arc-angle φ0 are provided in Table 8.2, with uncertainties.
Because the two types of electrodes were attached at different locations on each test-piece, the
outer diameters of the test-pieces in Table 8.2 were measured at those individual locations and
vary slightly. The electrode radius ρ0 for each cylindrical test-piece is obtained by summing
the outer radius of the dielectric-coated brass rod and the Kapton R© substrate thickness. The
electrode arc-angle φ0 and its uncertainty in Table 8.2 are calculated from the electrode width
w, electrode radius ρ0 and its uncertainty. Each test-piece has its own electrode arc-angle φ0
because the fabricated electrodes share a fixed width w while the cylindrical test-pieces have
different radii. The parameters shown in Tables 8.1 and 8.1 were used as the inputs in the
numerical calculations.
An Agilent E4980A precision LCR meter was used to measure the sensor output capacitance
at room temperature. The LCR meter operating frequency was set at 1 MHz to approximate
the electroquasistatic assumption in the numerical model. Under these conditions, the measure-
ment accuracy of the LCR meter for a 4 pF capacitance is 0.15% and the absolute accuracy for
the dissipation factor is 0.0015, whereas those for a 13 pF capacitance are 0.13% and 0.0013,
respectively. The measured capacitance values in this paper are all within 4 and 13 pF. If
a lower operating frequency is desired in capacitance measurements, an impedance measure-
ment instrument with higher accuracy when measuring large impedance values should be used.
(According to the relationship Z = 1/j2pifC, the impedance Z resulting from measuring a
given capacitance C under a lower frequency f will be larger). The sensor capacitance C was
measured by placing an Agilent probe test fixture 16095A across the two sensor electrodes, as
shown in Figure 8.7. This probe test fixture was connected to the LCR meter and the measured
capacitance was read from the LCR meter screen. Note that in the modeling the two electrodes
are assumed oppositely charged and the conductive core of the test-piece is kept at ground po-
tential. The calculated capacitance is the series capacitance of the capacitance between one
electrode and the conductive core and the capacitance between the conductive core and the
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Table 8.2 Parameters of the test-pieces and the capacitive sensors used in benchmark ex-
periments. The three brass rods used as the conductive cores in the cylindrical
test-pieces had a uniform diameter of 15.90 ± 0.01 mm.
Dielectric l (mm) 2b (mm) Variation in ρ0 (mm) φ0(◦)
material (b− a) (mm)
Tecaform
TM
20 19.28± 0.03 0.06 9.64± 0.02 172.4± 0.3
40 19.22± 0.05 0.06 9.61± 0.03 172.9± 0.5
Acrylic 20 19.18± 0.04 0.03 9.59± 0.02 173.3± 0.4
40 19.17± 0.07 0.03 9.59± 0.04 173.4± 0.6
Teflon R© 20 19.31± 0.02 0.07 9.65± 0.01 172.1± 0.2
40 19.3± 0.1 0.07 9.67± 0.07 171.9± 1.2
other electrode. When performing capacitance measurements, however, one needs only to place
the probe test fixture across the two sensor electrodes, as shown in Figure 8.7. The potential
on the conductive core is the average of the potentials on the two sensor electrodes, due to the
symmetry of the problem, and the capacitance picked up by the probe is the series capacitance
calculated in the numerical model.
8.5.2 Results and Discussion
Comparison between calculated and measured sensor capacitance C and dissipation factorD
for each cylindrical test-piece and the two different electrode configurations is made in Table 8.3.
Because of material complex permittivity, complex sensor output capacitance is expected. The
sensor dissipation factor is defined as the ratio of the imaginary part of the capacitance to
its real part. Since accurately measured imaginary permittivity was not achieved for Teflon R©,
the sensor dissipation factor cannot be calculated and comparison between its calculated and
measured D is not made in Table 8.3.
Measured and calculated capacitance C agree to an average of 7.4% in Table 8.3. All the
measurement results are smaller than the numerically-predicted ones, by between 0.3 to 0.9 pF.
Two factors contributing to lower measured C are identified. First, during sample preparation,
the brass rods were inserted into hollowed dielectric rods to achieve tight surface contact. After
insertion, the dielectric coatings were subjected to normal stress exerted by the brass rods and
circumferential strain was introduced in the dielectrics. In an independent study, it is found
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Table 8.3 Measured and calculated capacitance for various sensor configurations in contact
with different cylindrical test-pieces.
Dielectric l Calculat- Measured Diff. Calcul- Measured Abs.
material (mm) ed C (pF) C (pF) (%) ated D D diff.
Tecaform
TM
20 6.58 6.09 ± 0.12 -7.5 0.003 0.002 ± 0.002 0.002
40 12.34 11.47 ± 0.19 -7.1 0.003 0.002 ± 0.002 0.001
Acrylic 20 5.64 5.30 ± 0.11 -6.0 0.015 0.014 ± 0.006 0.001
40 10.36 9.47 ± 0.17 -8.6 0.015 0.015 ± 0.007 0.000
Teflon R© 20 4.20 3.92 ± 0.13 -6.7 - - -
40 7.63 6.98 ± 0.16 -8.5 - - -
that the real permittivity of Teflon R©(PTFE) decreases as its strain increases (22). This means
the actual permittivity of the Teflon R© coating the brass rod is likely to be lower than the value
used in the numerical calculations, which was measured on a sample slice cut from the rods
prior to their being hollowed out, i.e., before strain was introduced. Consequently, measured
C will be smaller than that predicted numerically for dielectrics with strain-induced reduction
in permittivity. Second, although Kapton R© films are tightly wrapped around the electrodes to
attempt to eliminate air gaps between the electrodes and the test-piece, small gaps still exist
due to the nonuniform diameters (surface roughness) of the cylindrical test-pieces. For example,
the two largest percentage differences between calculated and measured capacitance values in
Table 8.3 are observed for the cases of Acrylic and Teflon R© coated test-pieces with 40-mm-long
electrodes, which also show the largest variations in test-piece outer diameter (Table 8.2). It is
seen from Figure 8.5 that the sensor output capacitance changes rapidly when the ratios b/ρ0
and a/b are close to one. This indicates that for a/b ≈ 0.82 as in these measurements, the
existence of air gaps can affect measurement results significantly.
Apart from the above two factors, two sources contributing to measurement uncertainty
(not necessarily lower C) exist. One is the misalignment of sensor electrodes. For example, the
vertical edges of the electrodes tend to bend up, giving rise to small air gaps in the vicinity
of inter-electrode gaps, where the sensor is most sensitive. This points to the fact that the
ideal way to achieve best agreement between theory and measurements is to deposit the sensor
electrodes directly onto the cylindrical test-pieces, and errors coming from the misalignment
of sensor electrodes and the existence of air gaps will be eliminated. However, deposition of
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electrodes directly onto the test-piece is costly, time-consuming and undesirable in some cases
although may be useful for real-time monitoring of structures by in-situ sensors. The other
source of uncertainty is variation in the dielectric tube thickness, Table 8.2. These variations
can be traced to surface roughness of the dielectric tubes and/or non-concentricity between
the conductive core and the dielectric tube. The effects of rough test-piece surfaces have
been discussed above. The effects of eccentricity are discussed here. For the ideal case that the
conductor and the dielectric are concentric, as shown in Figure 8.1, the total sensor capacitance
my be approximated by a relationship of the following form:
C =
C20
C0 + C0
= C0/2, (8.21)
where C0 is the capacitance between the conductive core and either electrode. When the
conductor moves towards either of the electrodes, the conductor and the dielectric become
eccentric. The capacitance between one electrode and the conductor changes to C0 + mC0
while the capacitance between the conductor and the other electrode changes to C0 − nC0,
where m,n > 0. The total capacitance C ′ changes to
C ′ =
(C0 +mC0)(C0 − nC0)
C0 +mC0 + C0 − nC0 = C0
1 +m− n+mn
2 +m− n . (8.22)
It is found that when m ≤ n, C ′ is always smaller than C. However, when m > n, C ′ is not
necessarily smaller than C. In other words, non-concentricity between the brass rods and the
dielectric coatings does not necessarily result in smaller sensor output capacitance, but does
introduce uncertainty to the capacitance measurement.
As shown in Table 8.3, the absolute difference between the numerically predicted and the
measured sensor dissipation factor D is found to be 0.002 or less. This is close to the LCR
meter measurement accuracy, e.g., the measurement accuracy of the dissipation factor of a
5 pF capacitance is ± 0.001 at 1 MHz and room temperature. Large variation in measured
D is observed, however. One important reason for this is that large variation (± 16%) in
the measured test-piece ′′r2 is observed, Table 8.1, due to the measurement accuracy of the
instrument. This fact also introduces uncertainty into the calculated D and contributes to the
difference between numerically-predicted and measured results, given in Table 8.3.
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Figure 8.8 Inferred real permittivity ′ of the insulation of thermally exposed
MIL-W-81381/12 wires. Error bars reflect the standard deviation of 6 mea-
surements.
8.6 Test on Wires
In order to demonstrate the feasibility of using the described capacitive method for the
quantitative nondestructive evaluation of wiring insulation, proof-of-concept experiments have
been performed on actual aircraft wires of type MIL-W-81381/12 (provided by the NASA
Langley Research Center). The wire samples are 2.5 mm in diameter and coated by Kapton R©
insulation. A prototype capacitive probe that clamps to the wire under test has been fabricated
according to the model in Figure 8.1. Wire samples were thermally exposed at 400◦C, 425◦C,
450◦C and 475◦C for 1 to 5 hours to induce degradation in the insulation and capacitance
measurements on these degraded wires were made. The insulation complex permittivity was
inferred from measured probe capacitance and dissipation factor, and is compared with that
of the control wires in Figures 8.8 and 8.9. Measurements were performed on multiple samples
and error bars are included that account for variations in the dimensions, surface roughness,
roundness and bending of actual wires. It is observed from Figures 8.8 and 8.9 that changes in
the insulation complex permittivity due to thermal degradation are clearly detected using the
described capacitive approach for this wire type. In addition, these changes are in accordance
with results of previously conducted research on thermally exposed Kapton R© films (23), in
which capacitance measurements were made utilizing a parallel plate capacitor. Detailed work
on this topic will be presented in (17).
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Figure 8.9 As for Figure 8.8 but for inferred imaginary permittivity ′′.
8.7 Conclusion
The electroquasistatic Green’s function due to a point source exterior to a dielectric-coated
conductor has been derived in cylindrical coordinates. The capacitance of the curved patch
capacitive sensor has been calculated numerically using the method of moments based on the
Green’s function. The quantitative dependence of the sensor capacitance on test-piece geom-
etry and the dielectric coating permittivity has been demonstrated numerically and verified
experimentally. A discussion of measurement uncertainty is provided. The curved patch ca-
pacitive sensor developed in this paper has the potential to evaluate effectively the condition
of wiring insulation and is complementary to other inspection methods that are focused on
evaluating the conductor’s condition.
8.8 Acknowledgment
This work was supported by NASA under cooperative agreement NNX07AU54A at Iowa
State University’s Center for NDE. The authors thank Jiming Song and John R. Bowler for
useful discussions.
151
8.9 References
[1] C. Furse and R. Haupt, “Down to the wire: The hidden hazard of aging aircraft wiring”,
IEEE Spectrum, Vol. 38, pp. 34-39, 2001.
[2] A. V. Mamishev, K. Sundara-Rajan, F. Yang, Y. Du, and M. Zahn, “Interdigital Sensors
and Transducers”, Proc. IEEE, Vol. 92, pp. 808-845, 2004.
[3] A. A. Nassr, W. H. Ahmed, and W. W. El-Dakhakhni, “Coplanar capacitance sensors
for detecting water intrusion in composite structures”, Meas. Sci. Technol., Vol. 19, pp.
075702(7pp), 2008.
[4] A. A. Nassr and W. W. El-Dakhakhni, “Non-destructive evaluation of laminated composite
plates using dielectrometry sensors”, Smart Master. Struct., Vol. 18, pp. 055014(8pp),
2009.
[5] X. Derobert, J. Iaquinta, G. Klysz, and J. Balayssac, “Use of capacitive and GPR tech-
niques for the non-destructive evaluation of cover concrete”, NDT&E International, Vol.
41, pp. 44-52, 2008.
[6] I. Bord, P. Tardy, and F. Menil, “Influence of the electrodes configuration on a differential
capacitive rain sensor performances”, Sens. Actuators B, Vol. 114, 640-645, 2005.
[7] P. J. Shull, A. V. Clark, P. R. Heyliger, J. C. Moulder, and B. A. Auld, “Characterization
of capacitive array for NDE applications”, Res. Nondestr. Eval., Vol. 2, pp. 11-27, 1990.
152
[8] X. B. Li, S. D. Larson, A. S. Zyuzin, and A. V. Mamishev, “Design principles for multi-
channel fringing electric field sensors”, IEEE Sensors J., Vol. 6, pp. 434-440, 2006.
[9] I. C. Shay and M. Zahn, “Cylindrical geometry electroquasistatic dielectrometry sensors”,
IEEE Trans. Dielectr. Electr. Insul., Vol. 12, pp. 41-49, 2005.
[10] T. Chen, and N. Bowler, “Analysis of a concentric coplanar capacitive sensor for nonde-
structive evaluation of multi-layered dielectric structures”, IEEE Trans. Dielectr. Electr.
Insul., Vol. 17, pp. 1307-1318, 2010.
[11] P. M. Gammell and M. A. Adams, “Detection of strength limiting defects in cellular glasses
by dielectric measurements”, Journal of Nondestructive Evaluation, Vol. 2, pp. 113-118,
1981.
[12] T. Chen, N. Bowler and J. R. Bowler, “Analysis of arc-electrode capacitive sensors for
characterization of dielectric cylindrical rods”, IEEE Tran. Instrum. Meas., Vol. 61, pp.
233-240, 2012.
[13] R. H. Bhuiyan, R. A. Dougal, and M. Ali, “Proximity coupled interdigitated sensors to
detect insulation damage in power system cables”, IEEE Sensors J., Vol. 7, pp.1589-1596,
2007.
[14] Y. C. Chung, N. N. Amarnath, and C. M. Furse, “Capacitance and inductance sensor
circuits for detecting the lengths of open- and short-circuited wires”, IEEE Trans. on
Instrum. Meas., Vol. 58, pp. 2495-2502, 2009.
[15] C. Furse, Y. C. Chung, C. Lo, and P. Pendayala, “A critical comparison of reflectometry
methods for location of wiring faults”, Smart Struct. Syst., Vol. 2, pp. 25-46, 2006.
[16] C. Furse, Y. C. Chung, R. Dangol, M. Nielsen, G. Mabey, and R. Woodward, “Frequency
domain reflectometry for on board testing of aging aircraft wiring”, IEEE Trans. Electro-
magn. Compat., Vol. 45, pp. 306-315, 2003.
[17] T. Chen and N. Bowler, “A capacitive probe for quantitative nondestructive evaluation of
wiring insulation”, NDT&E Intl., to be submitted, 2011.
153
[18] R. F. Anastasi and E. I. Madaras, “Application of ultrasonic guided waves for aging wire
insulation assessment”, Materials Evaluation, Vol. 63, pp. 143-147, 2005.
[19] J. D. Jackson, “Classical Electrodynamics”, John Wiley & Sons, Inc., third edition, 1999.
[20] T. Chen, J. R. Bowler, and N. Bowler, “Analytical solution for capacitance calculation of
a curved patch capacitor that conforms to the curvature of a homogeneous dielectric rod”,
App. Phys. Lett., to be submitted, 2011.
[21] S. Etienne, C. Stochmil, and J. L. Bessede, “Dielectric properties of polyer-based micro
heterogeneous insulator”, J. Alloys Compd., Vol. 310, pp. 368-373, 2000.
[22] L. Li, J. Klavon, and N. Bowler, “Reduction in permittivity of polytetrafluoroethylene due
to tensile strain”, Mater. Lett., to be submitted, 2011.
[23] L. Li, N. Bowler, P. R. Hondred, and M. R. Kessler, “Influence of thermal degradation
and saline exposure on dielectric permittivity of polyimide”, J. Phys. Chem. Solids, Vol.
72, pp. 875-881, 2011.
154
CHAPTER 9. A CAPACITIVE PROBE FOR QUANTITATIVE
NONDESTRUCTIVE EVALUATION OF WIRING INSULATION
A paper submitted to the NDT&E International
Tianming Chen and Nicola Bowler
9.1 Abstract
A capacitive probe has been developed for quantitative evaluation of wiring insulation per-
mittivity. The probe consists of two patch electrodes that conform to the curvature of the
wire under test. A numerical model is utilized for inverse determination of insulation complex
permittivity from measured probe response. Experimental studies on thermally and hydrolyt-
ically degraded wire samples show that the resulting permittivity change of the insulation is
successfully detected using the described capacitive probe, for the wire type MIL-W-81381/12,
which is predominantly Kapton R© coated. Changes in the permittivity of the wiring insula-
tion, detected by the capacitive probe, are shown to be in accordance with results of research
conducted previously on Kapton R© film samples degraded by thermal and hydrolytic exposure.
Thus, the feasibility of assessing wiring insulation degradation status by quantitative capacitive
techniques is demonstrated, which is of particular interest to the aerospace industry.
9.2 Introduction
Efforts have been made for years to guarantee the functionality of key electrical systems
on aircraft. The performance of the wiring that connects these key systems was not, however,
a strong focus of attention until the crashes of TWA 800 and Swissair 111 (1), attributed to
aging wiring. In (2), causes and modes of failure in legacy aircraft wiring have been categorized.
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These causes include chemical degradation such as corrosion of current carriers and hydrolytic
scission of polymer chains in the insulation; electrical degradation of the insulation that may
be due to concentrated electric fields at sites of electrical stress; and mechanical degradation
due to vibration, over-bending and other kinds of mechanical stress.
Visual inspection is the most widely used method for aircraft wiring inspection. It is highly
laborious while giving little quantitative information about the condition of the wires. Different
physics-based wire inspection techniques have been developed over the past decade to replace
this traditional inspection method, of which a summary is given here.
One of the most commonly used physics-based techniques for the inspection of the conductor
in aircraft wiring is reflectometry. A high frequency electrical signal is transmitted along the
wire and any impedance discontinuities in the conductor result in reflected signals. The location
of the fault can be determined from the time and/or phase delay between the incident and
reflected signals. An excellent review paper that compares different reflectometry methods is
(3). Reflectometry methods are distinguished by the types of incident voltage applied. Time
domain reflectometry (TDR) uses a short rise time voltage step as the incident voltage. This
method is susceptible to noise and is not optimal for live wire testing (4; 5; 6). Frequency
domain reflectometry (FDR) uses a set of stepped-frequency sine waves as the incident voltage.
A conceptual design of a smart wiring system based on FDR methods that can be used for
on-board testing of aging aircraft wiring has been described in (7). Phase-detection frequency-
domain reflectometry (PD-FDR) has also been applied for locating open and short circuits
in a Navy F-18 flight control harness (8). Sequence time domain reflectometry (STDR) and
spread spectrum time domain reflectometry (SSTDR) use pseudo noise sequence and sine wave
modulated pseudo noise code as the incident voltage, respectively. Testing systems based
on these two techniques are capable of testing live wires and therefore have the potential
to be used on energized aircraft to locate intermittent faults. Parameters that control the
accuracy, latency, and signal to noise ratio for SSTDR in locating defects on live cables have
been examined in (9), and the feasibility of spread-spectrum sensors for locating arcs on realistic
aircraft cables and live wire networks has been demonstrated in (10) and (11). Aside from
reflectometry methods, capacitive and inductive methods have also been applied for assessment
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of wiring conductor condition. In (12), linear relationships between the capacitance/inductance
of open-/short- circuited wires (parallel insulated round wires, twisted-pair wires, and coaxial
cables) and their conductor length have been demonstrated. This relationship enables the
inverse determination of wire length from measured capacitance/inductance values. These
techniques all inspect for so-called ‘hard’ faults in the metal wire conductor itself and are not
capable of inspecting the insulation conditions.
Techniques have also been developed for the assessment of wiring insulation condition. In-
frared thermography and pulsed X-ray systems have been developed for nondestructive testing
of wiring insulation (13). Infrared thermography offers the advantage of rapidly examining
large areas of wiring and can serve as a global testing method, whereas a portable pulsed
X-ray system can be used to obtain a radiographic image of a portion of the wire or cable.
Ultrasonic methods have also been developed for quantitative assessment of degradation in
wiring insulation condition caused by heat damage, by modeling insulated wires as cylindrical
waveguides (14). Moreover, acoustic and impedance testing methods aimed at locating inter-
mittent faults in aircraft wires have been reported in (15). Partial discharge (PD) analysis
methods for diagnosing aircraft wiring faults are explored in (16), in which a simulation of PD
signal based on a high-voltage insulation testing standard (17) has been detailed, followed by
wavelet-based analysis to de-noise the PD signals. Deficiencies of the above methods include
the need for complex instrumentation and their inability to provide quantitative information
about the insulation condition at specific locations. A favorable solution to these deficiencies
is the capacitive method, from which quantitative measurements of the permittivity of wiring
insulation at specific locations can be made, from which its condition can be inferred, using
relatively simple equipment.
This paper describes a prototype capacitive probe that has been fabricated and applied for
the inspection of wiring insulation in wires of type MIL-W-81381/12, which can be adapted for
application to any single-conductor wire. The probe and test-piece interaction is describe by
a physical model developed previously, in which a curved patch capacitor is located exterior
to and coaxial with a cylindrical dielectric that coats a conductive core cylinder (18). In the
model, a quantitative relationship between the complex permittivity of the dielectric coating
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material and the complex capacitance of the capacitor is described. This relationship is utilized
here for quantitative assessment of wiring insulation permittivity, based on measured probe ca-
pacitance. To demonstrate the feasibility of this proposed technique, groups of wire samples
have been thermally and hydrolytically exposed, under different conditions, to induce dielectric
property changes in the insulation. Capacitance measurements were performed on the samples,
and complex permittivity values of their insulation determined inversely by means of the nu-
merical model. Comparisons made between the complex permittivity of the damaged wires and
the control wires show that both the real and imaginary parts of the insulation permittivity
of the damaged wires increase as the thermal exposure temperature/time and hydrolytic expo-
sure time increase, and are higher than those of the control wires. Especially, changes in the
imaginary permittivity are more significant than those in the real part. For example, following
thermal exposure, the imaginary permittivity was observed to increase by up to 39% and the
real part by up to 17%, for exposures at temperatures between 400 and 475◦C for various times
up to 5 hours. In the hydrolytic exposure experiment, the imaginary permittivity was observed
to increase by up to 75% and the real part by up to 12%, for exposure in water for various
times up to 4 days. Permittivity changes in the wire insulation detected by the capacitive probe
are in accordance with results of independent measurements conducted previously on planar
thermally and hydrolytically exposed Kapton R© film (19). These proof-of-concept experiments
have demonstrated the excellent capability of the capacitive probe for quantitative evaluation of
insulation condition for wires of type MIL-W-81381/12 and which, in principle, can be adapted
for application to any single-conductor wire.
Apart from the capacitive probe discussed in this research, many other capacitive techniques
have been developed and applied for NDE of dielectric materials (20). For example, capacitive
arrays have been developed for robotic sensing using ‘scanning’ and ‘staring’ modes, (21; 22).
Detailed literature surveys of capacitive NDE methods can be found in (23) and (24).
9.3 Summary of the Physical Model
The capacitive probe in this paper is designed based on the sensor model described in
(18). The curved patch capacitive sensor consists of two identical and symmetric electrodes,
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Figure 2. Point source outside of an infinitely long dielectric-coated conductor.
potential still satisfies the Laplace equation.
2.2. Derivation of Green’s function in cylindrical coordinates
Figure 2 shows a point source placed at (ρ￿,φ￿, z￿) exterior to a cylindrical dielectric-
coated conductor. This configuration is used in the following Green’s function
derivation. The outer radius of the cylindrical test-piece is b and the radius of the inner
conductor is a. The complex permittivities of the dielectric coating and the background
medium are ￿∗2 = ￿
￿
2 − j￿￿￿2 and ￿∗1 = ￿￿1 − j￿￿￿1, respectively, where j =
√−1. Considering
the canonical shapes of the sensor electrodes and the test-piece, the electroquasistatic
Green’s function is derived in cylindrical coordinates. The electric potential at an
observation point (ρ,φ, z) due to the point source in figure 2 satisfies the Laplace
equation in each homogeneous region exterior to the conductor:
Figure 9.1 Sensor model used to characterize the capacitive probe. The radii of the sensor
electrodes, the conductor, and the cylindrical test-piece are denoted ρ0, a, and b,
respectively. The arc-angle of each sensor electrode is φ0 (rad). The length of each
electrode in the vertical direction is l and the width in the horizontal direction is
w = φ0 × ρ0.
Figure 9.1. The wire under test is modeled as an infinitely long dielectric-coated perfect con-
ductor. A relationship between the complex permittivity ∗ of the dielectric coating, the sensor
capacitance C and dissipation factor D is established in the electroquasistatic regime, in which
∗ = ′ − j′′; with ′ being the real permittivity, ′′ being the imaginary permittivity, and
j =
√−1. Note that, by adopting this model, an insulation layer that consists of multiple
dielectric layers is modeled as a one-layer homogenized dielectric. This means the insulation
status assessed by the capacitive probe will be the overall condition of all the insulation layers.
In the numerical model described in (18), the insulation real permittivity ′ is related linearly
to the sensor capacitance C, and the insulation loss tangent tanδ = ′′/′ is related linearly
to the sensor dissipation factor D. The constants of proportionality increase as the following
factors increase: b/ρ0, l, φ0 and a/b, Figure 9.1. In this paper, complex permittivity values of
wire samples are inferred from measured probe capacitance and dissipation factor values, based
on this numerical model.
W thout loss of generality, the conductor is kept at ground pot ntial in the m del and the
potential on the two electrodes is +1 V and -1 V. The calculated capacitance is in fact the
series capacitance of two contributions: i) the capacitance between the first lectrode and the
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conductive core, and ii) the capacitance between the conductive core and the second electrode.
In the measurements, however, the conductive core does not have to be grounded. This is
because the potential on the conductive core will be the average of that on the two electrodes,
if no other potential is applied directly to the core. The validity of this physics-based model
has been verified by good agreement between numerical calculations and results of benchmark
experiments (18). A detailed description of numerical modeling and experimental verification
can be found in (18).
9.4 Probe and Measurement System
9.4.1 Probe
9.4.1.1 Assembly
Figure 9.2 shows the capacitive probe. The probe consists of two 2 cm × 4 cm acrylic
plates and an acrylic rod on which the two plates are mounted so that their surfaces remain
parallel. The lower plate is attached to the acrylic rod using a plastic screw, whereas the
upper plate can glide up and down by adjusting another plastic screw perpendicular to the
two plates. The curved sensor electrodes were formed by brushing a layer of silver paint onto
the symmetric grooves in the two plates. The two electrodes are connected to two pins, which
are then connected to an LCR meter for capacitance measurements. Two acrylic dowels were
attached to the upper plate using epoxy glue, and inserted into holes drilled through the lower
plate. Together with the plastic screw, these dowels assure that the two acrylic plates remain
parallel during measurements. The subfigure in Figure 9.2 shows the probe holding a wire
under test. The probe and the wire are in tight surface contact with each other.
9.4.1.2 Parameters
Parameters of the probe are: electrode radius ρ0 = 2.50 ± 0.13 mm and electrode length
l = 20.0 ± 0.6 mm, Figure 9.1. The electrode radius is taken to be the same as the specified
wire sample outer radius. The electrode length is measured directly from the probe using a
digital caliper.
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Figure 9.2 Photograph of fabricated capacitive probe with curved patch electrodes. Subfigure:
capacitive probe holding a wire sample under test.
The region exterior to the curved electrodes in Figure 9.1 is assumed in the model to be
homogeneous, e.g., air. This assumption is not satisfied, however, for the probe depicted in
Figure 9.2 due to the existence of the acrylic plates exterior to the electrodes. To account
for this effect, along with possible air gaps between the electrodes and the testing wire due to
surface roughness, an effective electrode arc-angle φ0 is introduced for the capacitive probe.
Steps taken to determine φ0 are shown in Figure 9.3. First, an assumed electrode arc-angle
φ0, the wire sample geometry information, and the assumed wire insulation real permittivity
(′ = 2.7) are input into the numerical model, from which a computed probe capacitance Cmodel
is obtained. Second, capacitance measurements are performed on the control wire samples for
which the dimensions and insulation permittivity are known. Third, Cmodel is compared to the
measured probe capacitance Cmeas. If Cmodel and Cmeas agree to within three significant figures,
then φ0 is adopted as the effective electrode arc-angle. Otherwise, a different value is assumed
for the effective electrode arc-angle and the above steps are repeated until the stop criterion is
satisfied. For testing wires of type MIL-W-81381/12, the effective arc-angle is determined as
φ0 = 80.1◦ ± 0.5◦. This inferred φ0 is quite close to the physical electrode arc-angle, which,
by visual inspection, lies in the range 80 to 90◦. Uncertainty in φ0 is due to variations in the
measured capacitance (2.11± 0.01 pF). Probe parameters are listed in Table 9.1.
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Table 9.1 Probe parameters, Figure 9.2
l (mm) ρ0 (mm) φ0 (degrees)
20.0 ± 0.6 2.50 ± 0.13 80.1 ± 0.5
9.4.2 Measurement System and Uncertainty Analysis
For capacitance measurements, the probe was connected to an Agilent LCR meter 4980A
by an Agilent probe test fixture 16095A, whose probe pins were connected to the curved patch
electrodes of the prototype probe. Capacitance measurements in this paper were performed at
1 MHz and room temperature. Selecting the operating frequency as 1 MHz allows for very low
uncertainty resulting from the LCR meter, less than 0.2% for the cases discussed here, while
at the same time being a good approximation to the quasistatic assumption of the numerical
model. Further discussion on the selection of the operating frequency is provided in (18).
Uncertainties in the measurement procedure are attributed to achievable precision in the
measurement equipment, uncertainty in φ0, and variation in the geometry of the wires under
test. These uncertainties contribute to uncertainty in the insulation complex permittivity
determined inversely utilizing the numerical model.
The achievable precision of the LCR meter depends on the magnitude of the capacitance
measured. In the LCR meter operation manual, relative uncertainty is provided for the mea-
sured capacitance whereas absolute uncertainty is provided for the measured dissipation factor.
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Measured capacitance values in this paper are within the range 2 to 3 pF and for these values
the corresponding uncertainty is 0.18% for the capacitance and 0.0018 for the dissipation factor.
This means that, in order to detect insulation degradation by capacitive measurements, the
degradation-induced changes in the measured probe capacitance and dissipation factor must
be that greater than these values.
As seen in Table 9.1, the uncertainty in ρ0 and l are approximately 5% and 3%, respectively.
When the arc-angle of the curved patch electrodes is far from 180◦, i.e. the distance between the
edges of the oppositely-charged electrodes is relatively large, the capacitance and dissipation
factor change slowly as φ0 varies (18). This is because the interaction between the electrodes
is not intense under this circumstance. For the degradation cases studied in this paper, the
uncertainty in the inferred insulation real permittivity ′ resulting from the uncertainty in φ0
is within 0.01, i.e., less than 0.5%, whereas that in ′′ is 0.0002, i.e., less than 0.2%.
Real wires exhibit variations in their dimensions, surface roughness, roundness and curva-
ture even when they may appear macroscopically similar. For this reason, in the experiments
that follow, capacitance measurements were performed on three samples, for each degradation
condition. Error bars are included in all the following measurement results. It is worth pointing
out that the outer diameters of the thermally and hydrolytically exposed wire samples still lie
in the range between 2.41 and 2.63 mm (same range as for the control wire). As will be seen
in Section 9.7, the standard deviation in the measurements derived from the variation in wire
diameter, surface roughness, roundness and curvature is the dominant source of uncertainty
in the measurements, larger than that due to the other sources discussed above. Nonetheless,
changes in the insulation complex permittivity, due to thermal and hydrolytic exposure, are
clearly observed above the level of uncertainty.
9.5 Parameters of the Wire Under Test
Capacitance measurements throughout this paper are performed on aircraft wire samples
of type MIL-W-81381/12. The wire is composed of a nickel-coated copper conductor, wrapped
with two layers of polyimide 150FW-N019 film and one layer of aromatic polyimide coating.
Each layer of the polyimide 150FWN019 film is constructed by bonding a 13-µm-thick flu-
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Figure 9.4 Schematic diagram of wire type MIL-W-81381/12. Nominal thicknesses of each
layer of polyimide 150FWN019 film, FEP fluoropolymer film, and the aromatic
polyimide coating are 25 µm, 13 µm, and 129 µm, respectively. The FEP pro-
vides adhesion between the layers of polyimide. Dc = 2.09 mm, Dw = 2.50 mm
(nominal).
orinated ethylene propylene (FEP) fluoropolymer film to a 25-µm-thick polyimide FN film,
Figure 9.4. Nominal conductor and outer diameters of the wire are 2.09 and 2.50 mm, respec-
tively. Actual measured wire outer diameters for wires examined in this study range between
2.41 and 2.63 mm.
9.5.1 Real permittivity
In order to infer the permittivity of the thermally/hydrolytically exposed wires to that of
the control wires and thereby obtain quantitative assessment of the condition of the insulation,
an initial value for the permittivity of the control wires must be assigned.
The real part of the undamaged wire insulation permittivity is assumed to be 2.7 at 1
MHz and room temperature, the condition under which capacitance measurements reported
here were performed. Reasons for this assumption are as follows. Considering the schematic
shown in Figure 9.4, we note that there are two main components: polyimide 150FWN019
and an aromatic polyimide outer layer. The manufacturer, DuPont
TM
, does not provide a
specific permittivity value for polyimide 150FWN019 films, mentioning only that it is less
than 3 at 1 kHz and room temperature. According to DuPont
TM
, the processing conditions of
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polyimide 150FWN019 film is, however, very similar to those of the standard polyimide FN
films, whose real permittivity is 2.7 at 1 kHz and room temperature. Therefore, we assume the
real permittivity of polyimide 150FWN019 to be 2.7 at 1 MHz and room temperature, taking
into account the fact that the real permittivity of polyimide does not change significantly over
the frequency range from 1 kHz to 1 MHz. Regarding the aromatic polyimide portion of the
insulation, the dielectric behavior of aromatic polyimide, types a through f , is presented in (25).
As will be seen in Section 9.7, degradation of the wire insulation initiates between 400◦C and
450◦C. Only type f of the aromatic polyimides studied in (25) presents a thermal degradation
initiation temperature (Ti = 430◦C) within this range, whereas Ti of the other types are greater
than 450◦C. The aromatic polyimide coating used in the wire insulation is therefore inferred to
be type f , whose measured real permittivity is 2.7 at 1 MHz and room temperature (25), the
same as that assumed for the polyimide 150FWN019 films. Finally, since the FEP adhesive
layer is a relatively minor constituent of the insulation, accounting for approximately 12% of
the insulation cross sectional area, and exhibits no unusual dielectric properties (′ = 2.01 at
1 MHz and room temperature according to DuPont
TM
), it is reasonable to assume that overall
real permittivity of the undamaged insulation is close to 2.7 at 1 MHz and room temperature.
9.5.2 Imaginary permittivity
Again, in order to infer the imaginary permittivity of thermally and hydrolytically exposed
wires, the imaginary permittivity ′′ for the control wires has to be determined. Figure 9.5
shows the steps taken to determine the imaginary permittivity ′′ for these wires. The steps are
similar to those described in Figure 9.3, except that the quantity compared here is the probe
dissipation factor D, instead of the capacitance C. The inversely determined ′′ for the control
wires is 0.016± 0.002. Uncertainty in ′′ is due to variations in the measured dissipation factor
of the control wires (0.0055 ± 0.0006) and in φ0. The inferred ′′ is similar to the value given
for type f aromatic polyimide in (25) (′′ = 0.010 ± 0.005 at 1 kHz and room temperature).
Values for polyimide 150FWN019 and FEP adhesive given by DuPont
TM
are ′′ = 0.006±0.001
at 1 kHz and room temperature and ′′ = 0.004 ± 0.001 at 1 MHz and room temperature,
respectively.
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Figure 9.5 Algorithm for determination of the imaginary permittivity ′′ for the control wires.
9.6 Case Study: Evaluation of Polyimide-coated Wires After Thermal and
Hydrolytic Exposure
The influence of thermal degradation and saline exposure on the complex permittivity of
polyimide HN films has been studied in (23). The samples studied were 125 µm thick. Explana-
tions of the mechanisms by which thermal degradation and saline exposure affect the complex
permittivity of polyimide are provided. The work of (23) guided the choice of experimental
parameters for this study.
For the thermal exposure experiment, the exposure temperatures were selected as 400, 425,
450 and 475 ◦C. For each exposure temperature, five groups of wires, each with three 4-cm-long
samples, were isothermally heated in a muﬄe furnace, Figure 9.6, for 1, 2, 3, 4 and 5 hours.
Note, the temperature distribution in the furnace is not uniform. To ensure that all the
samples are heated at the selected temperature in each experiment, a small ceramic bowl
was used to accommodate the wires, and the temperature in the ceramic bowl was measured
independently using a thermometer. The upper right figure in Figure 9.6 shows some of the
heat-damaged wire samples in comparison with a control wire. Thermally exposed wires were
sealed in plastic bags immediately after being taken out of the furnace to avoid moisture
absorption. These samples were then allowed to cool down to room temperature naturally.
The lower right figure in Figure 9.6 shows a wire sample used in the hydrolytic exposure
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Figure 9.6 Left: muﬄe furnace used for thermal exposure. Upper right: wire samples after
heat exposure (brown) and a control wire (yellow). The samples are 4 cm long.
Lower right: For hydrolytic exposure, both ends of the sample are sealed with wax.
experiment. Both ends of the wire were sealed with wax to prevent water from migrating into
the samples at its ends via the conductor insulator interface. Five groups of wires, each having
three 4-cm-long samples, were immersed in water at room temperature for 0.5, 1, 2, 3, and 4
days, respectively. Capacitance measurements were performed immediately after the samples
were removed from the water and their surfaces were wiped dry with a soft cloth.
9.7 Results and discussion
9.7.1 Thermal exposure
Figure 9.7 shows probe capacitance and dissipation factor measured on the thermally ex-
posed wires, as a function of exposure temperature and time. Measurements were performed
on three nominally identical wire samples in each group and the mean value and standard
deviation are presented.
As can be seen in Figure 9.7, measured capacitance increases as exposure time and temper-
ature increase. A similar behavior was observed in the measured dissipation factor. In (23),
it was observed that the dissipation factor of polyimide HN film did not change significantly
unless exposed at 475◦C for more than 3 hours. This suggests that increases in the dissipation
factor of the thermally degraded wires observed here results primarily from degradation of the
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Figure 9.7 a) Measured capacitance and b) dissipation factor for thermally exposed wires.
Uncertainties derive from the standard deviation of measurements on three nomi-
nally identical samples. Physical degradation of the sample heated beyond 2 hours
at 475 ◦C prevented accurate capacitance measurement for those conditions.
aromatic polyimide outer coating, rather than the polyimide 150FWN019 layers.
Complex permittivity of the wire samples was inferred from the measured probe capacitance
and dissipation factor in the following way. First, an initial guess of the sample complex permit-
tivity ∗ is input into the numerical model, from which particular values of probe capacitance
Cthry and dissipation factor Dthry are obtained. These values are compared with the measured
values Cexp and Dexp and ∗ adjusted until Cthry (Dthry) and Cexp (Dexp) agree to within three
significant figures. Then, ∗ is adopted as the inferred sample complex permittivity.
Figure 9.8 shows the inferred insulation real permittivity values compared with results
presented in (23) for polyimide HN film. In (23) the permittivity of the control film was
measured as ∗ = 3.15−j0.013 at 1 MHz and room temperature, larger than the values assumed
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Figure 9.8 Inferred real permittivity ′ of the thermally exposed wires compared with that of
polyimide HN film (23). a) 400 and 425 ◦C; b) 450 and 475 ◦C.
here, but the increase in ′ with time and temperature of thermal exposure are similar for the
wire samples studied here and for the polyimide HN film studied in (23). The inferred imaginary
permittivity values of the wires are presented in Figure 9.9. The imaginary permittivity of
the polyimide HN film studied in (23), however, showed insignificant change for the exposure
conditions in Figure 9.9. The major difference between the wire insulation material and the
polyimide HN film lies in the aromatic polyimide outer coating. Therefore, it is concluded that
the existence of the aromatic polyimide coating contributed predominately to the increases in
the insulation imaginary permittivity observed here. As can be seen from these two figures,
both the real and imaginary parts of the insulation increase as heat exposure temperature and
time increase. Especially, the relative change in the insulation imaginary permittivity is greater
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Figure 9.9 Inferred imaginary permittivity ′′ of the thermally exposed wires.
than that in the real permittivity; the imaginary part increases by up to 39% and the real part
by up to 17% compared with the permittivity of the control wires, suggesting that imaginary
permittivity is the stronger indicator of insulation condition.
9.7.2 Hydrolytic exposure
The capacitance and dissipation factor for hydrolytically exposed wires are shown in Fig-
ure 9.10. In accordance with results of previous studies (26; 27), it is observed that both the
measured capacitance and dissipation factor increase as water immersion time increases in the
first two days, and do not change significantly afterwards. Inferred wire insulation complex
permittivity is shown in Figure 9.11 along with measurement results presented in (23) for 125-
µm-thick polyimide HN film. The real part of the wire insulation permittivity increased by up
to 12% and the imaginary part by up to 75% compared with the permittivity of the control
wires. Note that although the complex permittivity values for the polyimide HN film differ
from those of the wire insulation, Figure 9.11, the increasing trend of ′ and ′′ with hydrolytic
exposure time is similar. In addition, the increase in ′′ as a result of hydrolytic exposure is
larger for the wire insulation than for the polyimide HN film, approximately 0.01 (75%) for
the wire insulation compared with approximately 2.5×10−3 (54%) for the polyimide HN film.
These relatively large changes suggest, as for the thermally degraded wires, that the value of
imaginary permittivity (or the measured dissipation factor D) is a strong indicator of insulation
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Figure 9.10 As for Figure 9.7 but for hydrolytically exposed wires.
condition.
9.8 Conclusion
A prototype capacitive probe for quantitative NDE of wiring insulation has been designed
and fabricated. A numerical model allows for inverse determination of insulation complex
permittivity from measured probe response. Complex permittivity, especially the imaginary
part, is an effective indicator of wiring insulation condition. Changes in wiring insulation
permittivity, induced by thermal degradation and hydrolytic exposure, have been successfully
detected using the capacitive probe presented here, and observed trends in ∗ are in accordance
with results of previous research on insulating films (23). Experimental studies on both the
damaged and undamaged wire samples demonstrated that insulation condition changes for
wires of simple construction (cylindrically-concentric conductor coated with dielectric) can
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Figure 9.11 Inferred complex permittivity, a) real part and b) imaginary part, of the hydrolyt-
ically exposed wires in comparison with that of polyimide HN film (23). Note the
very different scales on the vertical axes of Figure 9.11 b), presented this way for
clarity.
be successfully detected and quantified using the capacitive probe described in this research.
Furthermore, the one-to-one correspondence that exists between the insulation permittivity
and measured capacitance suggests monitoring changes in insulation condition by detecting
changes in insulation permittivity, even if the absolute value of the control wire permittivity is
unknown.
This paper focuses on quantitative evaluation of the insulation permittivity after degra-
dation. In some practical circumstances, it may be more convenient to make comparative
measurements between the capacitance, and in particular the dissipation factor D, measured
on a reference wire and measured on the wire under test. With simple adaptation, the probe
presented here is capable of both tasks. Additionally, for aging aircraft, prior knowledge of
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the locations at which wiring insulation degradation is most common is usually available. The
capacitive NDE approach described in this paper can be applied at those locations for accurate
characterization of localized insulation degradation. For improved ease for practical applica-
tion, the capacitor electrodes can be mounted on a spring loaded mechanical clip. This is the
subject of future work.
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CHAPTER 10. GENERAL CONCLUSIONS
10.1 General Discussion
The work in this thesis is motivated by the need for quantitative NDE of planar and cylindri-
cal low-conductivity structures. All the capacitive sensors are developed following the progres-
sion of analytical or numerical modeling, followed by experimental verification and prototype
probe fabrication. One practical motivation behind the development of coplanar capacitive
sensors is detecting water or excessive inhomogeneities caused by repairs in aircraft radome
structures. As demonstrated in Chapter 4, the fabricated prototype probe based on the copla-
nar sensor structure has successfully detected 1 cc of injected water and 1 cc of injected olive
oil, whose dielectric property is close to that of excessive resin caused by repair, in simulated
radomes. The curved patch capacitive sensors are motivated by the need for quantitative eval-
uation of aircraft wiring insulation condition. The prototype probe developed based on the
curved patched sensor models, Chapter 9, has successfully distinguished thermally and hy-
drolytically degraded wires from the control ones. Note that although the work presented in
this thesis is motivated by needs in the aviation industry, results this work can be applied to
other engineering fields.
10.2 Recommendations for Future Research
The coplanar concentric capacitive sensors developed in this work have the potential to
be extended for accurate moisture content monitoring of soil and agricultural products. Soil
water content is important information to crop growers, and the quality of several fruits and
vegetables can be determined by their moisture content (1). Moisture content monitoring is
also important to the safe storage of grains. Water has a real permittivity approximately 80 at
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low frequencies, which is much higher than that of soil and most agricultural products. In other
words, higher product moisture content means higher bulk permittivity and can be detected
through capacitive measurements (2). It is worth pointing out that if the material under
test is a mixture of different materials, e.g., soil, it is helpful to incorporate dielectric mixing
models (3) in the bulk moisture content monitoring process. The advantage of the coplanar
concentric capacitive sensors in such applications lies in the fact that the sensor capacitance is
independent of the relative orientation between the sensor and the mixture, thus more suitable
for the characterization of bulk permittivity.
Ongoing research on curved patch capacitive sensor design includes the development of
interdigital electrode configurations. The interdigital configuration allows for higher sensor
sensitivity and signal-to-noise ratio. In the area of evaluation of wiring insulation condition,
instead of operating the capacitive sensors at a given frequency, frequency sweep approaches
can be adopted in the near future. As the complex permittivity of most materials changes
as a function of frequency (4), frequency sweep allows for the identification of the optimal
measurement frequency, at which the complex permittivity of the insulation is affected the
most by degradation.
The ultimate goal for the evaluation of aircraft wiring condition is to develop a smart
embedded test system that can accurately detect and locate faulty wires during flight; and
even predict potential wiring failures. This involves developing inspection techniques that
are capable of diagnosing the condition of live wires at a distance (without disconnecting or
contacting the wires), and accurate life prediction methods for different aircraft wires. The
work of this thesis provides part of the body of knowledge upon which such advances can be
built.
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APPENDIX A. RELATIONSHIP BETWEEN THE PENETRATION
DEPTH OF CONCENTRIC COPLANAR CAPACITIVE SENSORS AND
THE TEST-PIECE PERMITTIVITY
The following derivation is to proof the penetration depth of concentric coplanar capacitive
sensors, defined in (4.1) in Chapter 4, increases as test-piece permittivity increases.
For a half-space dielectric test-piece with permittivity r, the integral equation that relates
the potential at a certain observation point on the sensor electrodes and the sensor surface
charge density is given as 1:
ΨH =
1
2pi(0 + r)
∫
S
∫ 2pi
0
σH(ρ′)
|r− r′|dφ
′ρ′dρ′, (A.1)
where S denotes the sensor surface, σH(ρ′) is the corresponding sensor surface charge density
and is independent of the azimuthal angle φ′ because of the cylindrical symmetry of the sensor.
|r− r′| is the distance between a source point and the observation point.
Similarly, for a one-layer test-piece with the same permittivity value, the potential at a
certain observation point on the sensor electrodes is expressed as
Ψo =
1
2pi(0 + r)
∫
S
∫ 2pi
0
σo(ρ′)
[
1
|r− r′| +
∞∑
n=0
(1 + α)α2n+1√|r− r′|2 + [2(n+ 1)T ]2
]
dφ′ρ′dρ′, (A.2)
where σo(ρ′) is the corresponding sensor surface charge density, α = (r + 0)/(r − 0), and
T is the test-piece thickness. Because the potentials applied to the sensor electrodes for these
two cases are identical, the integral kernels in A.1 and A.2 must be the same:
σH(ρ′)
|r− r′| = σo(ρ
′)
[
1
|r− r′| +
∞∑
n=0
(1 + α)α2n+1√|r− r′|2 + [2(n+ 1)T ]2
]
. (A.3)
From (A.3), σH(ρ′) and σo(ρ′) can be written as
σH(ρ′) = A× |r− r′|, (A.4)
1T. Chen, and N. Bowler, “Analysis of a concentric coplanar capacitive sensor for nondestructive evaluation
of multi-layered dielectric structures”, IEEE Trans. Dielectr. Electr. Insul., Vol. 17, pp. 1307-1318, 2010.
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σo(ρ′) = A×
[
|r− r′|+
∞∑
n=0
(1 + α)α2n+1√|r− r′|2 + [2(n+ 1)T ]2
]
, (A.5)
where A in (A.4) and (A.5) stands for a constant.
The sensor output capacitance is proportional to the sensor surface charge distribution if the
potential on the sensor is fixed, and the sensor penetration depth defined in (4.1) is expressed
as:
|C − C∞|
C∞
∼ |σo(ρ
′)− σH(ρ′)|
σH(ρ′)
=
1 + α
|r− r′|
∞∑
n=0
α2n+1√|r− r′|2 + [2(n+ 1)T ]2 (A.6)
In order to achieve the same 10% difference between C and C∞ in Figure 4.4 c), test-pieces with
high r values (α → 1) need to have large T in the denominator in (A.6), whereas test-pieces
with low r values (α→ 0) can have small T to achieve the same percentage of difference. This
implies that penetration depth is bigger for test-pieces with larger α→ 1. However, it is worth
pointing out that as α→ 1 becomes large, α is very close to one, and increments in α→ 1 do
not result in significant increases in the sensor penetration depth.
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